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ABSTRACT
Computer-aided
free-response
mathematics
assessments are becoming increasingly important
vehicles in supporting the notion of “learning through
assessment”. Hence, having a marking engine that is
able to assess each step in a scheme of constructed
responses (or working scheme) is a vital requirement
for a mathematics computer-aided system that offers
free-response assessments. Existing computational
solutions for assessing the correctness of intermediate
steps do so by limiting the responses to be entered
stepwise, and not all at once, with the delivery of
qualitative feedbacks to steps that are incorrect. In this
paper, we propose our marking engine that is able to
execute a stepwise assessment of responses in a
working scheme that closely emulates the marking
practices of a typical human. The marking engine
delivers quantitative feedbacks in the form of numeric
scores that indicate the degree of correctness of the
responses in a working scheme and of the working
scheme as well. The results of the reliability analysis
on the automated correctness scores suggest that the
scores are reliable indicators of responses correctness
as well as working schemes correctness.

KEYWORDS
Mathematics computer-aided assessment, constructed
responses, marking engine, stepwise correctness
assessment, stepwise scoring

1 INTRODUCTION
Assessments can play a crucial role in achieving
successful mathematics learning in terms of
bridging the gap between the learning objectives
that have been set and the actual realization of the
ISBN: 978-0-9891305-4-7 ©2014 SDIWC

objectives. “Assessment is the most powerful
lever teachers have to influence the way students
respond to courses and behave as learners” [1]. An
assessment is regarded as “the primary driver of
students’ learning” [2] as it can facilitate in
diagnosing learning difficulties and in pinpointing
knowledge shortfalls [3]. Thus, computer-aided
free-response mathematics assessments are
becoming increasingly important vehicles in
supporting this notion of “learning through
assessment”. A computer-aided free-response
mathematics assessment refers to the type of
assessment that requires students to construct their
own solutions and enter those responses into a
mathematics computer-aided assessment (MCAA)
system. The correctness of the constructed
responses entered by students is then
automatically assessed by the automated marking
component or the marking engine of the MCAA
system.
Assessing the correctness of student-constructed
responses is a central process in any free-response
assessment thus making the marking engine a
central component in any MCAA. Thus, research
in the area of automatic assessment of freeresponse correctness has been carried out with
much rigor and has resulted in many of the freeresponse MCAA systems that are available today.
Our research interest in the area of free-response
MCAA is centred on marking engine development
which targets assessments that require the
intermediate steps to be constructed and presented
before coming to the final answer. Existing
computational solutions for assessing the
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correctness of intermediate steps do so by limiting
the responses to be entered stepwise, and not all at
once, with the delivery of qualitative feedbacks to
steps that are incorrect. Another approach is by
breaking the problem into multiple parts. Hence,
we confine our objective to achieving an
automatic stepwise correctness checking and
scoring of schemes of constructed responses, or
working schemes in which the responses are
entered all at once. By stepwise correctness
checking and scoring we mean that the correctness
of the responses in a working scheme is assessed
step-by-step and a numeric score, c0 ,1, c ,
is assigned to each step to indicate the degree of
correctness of the constituting response. Based on
the score of each step, an overall score that
indicates the degree of correctness of the working
scheme is calculated. The scores provide
quantitative feedbacks that inform students to
what extent their responses are correct.
In this paper, we describe the framework and the
main capabilities of our marking engine in
implementing stepwise correctness checking and
scoring of schemes of constructed responses. The
reliability of the correctness scores generated by
the engine as indicators as response correctness is
also presented. The responses are worked
solutions to problems on solving linear algebraic
equations in one variable. The SCCS abbreviation
shall henceforth be used to refer to the phrase
“stepwise correctness checking and scoring”.
Thus, our marking engine shall only be referred to
as SCCS engine for easier reference. The
construction of the computational methods for the
SCCS engine is described elsewhere.
This paper is organised as follows. Section 2
describes some of the commendable solutions that
are available for assessing equations correctness
and the limitations that have been identified in
existing solutions. Section 3 presents the
framework of the SCCS engine which describes
the approach taken by this research in solving the
automatic stepwise correctness assessment
problem. The section also describes the main
capabilities of the SCCS engine which
differentiates it from existing marking engines.
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Section 4 describes the analysis method and
presents the results which are supplemented with
some discussions on the results. This conclusion
of the paper is in Section 5. In addition, the section
describes the limitations of the approach that
forms the basis of the SCCS engine and presents
some future works in improving and enhancing
the SCCS engine.
2 RELATED WORKS
Depending on the mathematical problem at hand,
a constructed response henceforth shall only be
referred to simply as response, can be a
mathematical expression or an equation. Our
intention currently is to provide computational
solutions that will allow a marking engine to
implement stepwise correctness checking and
scoring of schemes of responses to problems on
solving equations. To automate a marking process
that emulates the customary practices of a typical
human examiner is not a trivial task, especially in
marking a working scheme to problems on solving
equations. One of the challenges is how to manage
the many variants of working schemes that can be
formulated when solving an equation. These
variants are the results of the multiple strategies
that can be applied before the final answer can be
reached.
MathXPert [4], Aplusix [5], [6] and T-Algebra [7]
are some examples of MCAA systems that exhibit
the capability of assessing the correctness of
working schemes to problems in solving
equations. These systems accomplish this task by
allowing stepwise input of the intermediate steps
and check the correctness after each entry. The
error diagnosis of these systems depends on the
way the expressions in the equations are
manipulated and transformed. The manipulation
and transformation of an expression in an equation
are defined by a set of rewrite rules. These rules
allow students to construct a response equation
and enter the response in a stepwise manner as in a
pen and paper situation. The correctness of the
transformation is verified by determining the
equivalence between two consecutive expressions
[8]. These systems are commendable as they offer
brilliant solutions for assessing the correctness of
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equations that are entered stepwise. However,
these systems are designed to provide only
qualitative feedbacks to steps that are incorrect
with no consideration of a numeric score to
indicate the degree of correctness of each step. In
these systems only a single numeric score that
indicates the overall correctness is awarded. The
absence of a numeric score for each step, which
serves as a quantitative feedback, may deprive
students from knowing to what extent their
answers are correct.
Judging by the published works in this area, it
appears that many of the existing free-response
MCAA systems tend to favour the method of
establishing
mathematical
equivalence
in
assessing response correctness. The approach is
also prevalent in MCAA systems that implement
end-answer correctness assessment such as [9],
[10], [11]. The marking engine of these systems is
commonly underpinned by a computer algebra
system (CAS). The employment of a CAS is due
to the availability of a rich library of functions and
enabling tools for performing symbolic
manipulations. The symbolic computation
capabilities allow the marking engine of CASbased systems to establish the mathematical
equivalence of the end-answer against a model
solution in determining the correctness of the
input.
3 THE SCCS ENGINE
Mathematical expressions and equations are
mathematical notations with both content (and
semantics) and structural (or syntactic)
dimensions. The method of establishing
mathematical equivalence, that is the content
dimension, appears to be the widely used method
for implementing automatic stepwise correctness
checking. Nevertheless, we intend to forward our
SCCS engine that is based on a simple approach
of establishing the equivalence of the structural
dimension. In this approach, a mathematical
equation is treated as a literal string of symbols
arranged in a linear structure.
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3.1 The Framework
The SCCS engine is formally supported by
Multiset Theory [12] and methods from the field
of information retrieval. The construction of the
computational techniques for the SCCS engine
involves the following approaches. The
correctness of a mathematical term in a response
equation takes into account the correctness of its
preceding “+” or “–” symbol. A term that is
appended with a “+” or “–” symbol is referred to
as a mathtoken. A formal definition of a
mathtoken is formulated as follows. Let A be
known as the mathematical alphabet (or
vocabulary), which is the set of all mathematical
symbols that encompasses , numbers, variable
symbols, operators and as such. Let the notation

ui in1 be

used to denote a finite sequence of
elements in a linear arrangement such that

ui in1  u1u2 ...un , where n  Z  .

Definition 1

k
A mathtoken m  ti i 1 , k  Z  is a finite
sequence of mathematical symbols in a linear
arrangement such that t  A , where t1  + , 

and the linear sequence ti 1ik1 represents a
well-formed mathematical term.

In determining the correctness of a mathtoken, the
naïve method of exact pattern matching has been
adapted. The basis for applying exact pattern
matching in determining the correctness of a
mathtoken in a response equation is the premise
that two structurally identical mathtokens are
mathematically equivalent. In determining the
correctness of the whole equation, the method of
approximate string matching with k-mismatches
has been applied. The implementation of an
approximate matching between a response
equation and the equation of an ideal solution
requires an equation to be modeled as a multiset
structure. In this paper, the notion of a mathstring
is introduced.
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Definition 2
A mathstring M  [[mi ]]ik1 , k  Z  is a
collection of mathtokens where repetitions of
mathtokens are allowed.
Hence, a mathstring is essentially a multiset of
which the elements are mathtokens. The degree of
correctness, d, of a response equation in
comparison to its ideal solution is evaluated using
our correctness measure which is formulated as:

C (R , S ) 

MR  MS
max  M R , M S



(1)

MR  MS 

q

 E (r , s ) ,
i

Tokenized
Ideal Solutions

C ( Ri , S j )

R1
R2

S1
S2
S3
S4
.
.
S.n

d1
d2
d3

.
.
.

Rm

.
.
.
dn

Figure 1. Stepwise Response-Solution Comparison
and Evaluation Process
Note: All Ri  R are the student-constructed responses in a

where M R is the multiset of the mathstring
associated with the response equation, R. M S is
the multiset of the mathstring associated with the
ideal solution equation, S, and  is the multiset
cardinality. The cardinality of the multisets
intersection, M R  M S is computed as
p

Tokenized
Responses

j

(2)

i 1 j 1

where,

1 if  aik  ri and b ji  s j , aik  b jt ,
(3)
E (ri , s j )  
0 if  aik  ri or b ji  s j , aik  b jt ,
such that for any 1  h  i , E (rh , s j )  1. In
other words, a mathtoken s j  M S has yet to be
judged as a matching mathtoken to any
mathtoken rh  M R .
The accomplishment of an automatic SCCS
process requires adapting the basic processes of
textual information retrieval published in [13],
[14]. The implementation of the SCCS process is
illustrated in Figure 1. Figure 1 exemplifies the
matching process of a collection of responses R
consisting of m number of responses and a
corresponding answer scheme S, consisting of n
number of ideal solution equations.
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working scheme R, where 1  i  m . The score of each
comparison is denoted by dj for 1  j  n , where n is the
number of equation in the solution scheme and n  m . If d 3
represents the degree of correctness of R1 , then the matching
process for R2 will start from S 4 and not from S1 .

For any Ri R the correctness score, ci awarded
is the maximum score of all the correctness
scores, d j , computed by the correctness measure
which is given by

ci 

max (d j ) , where 1 i  m .

1 j  n

(4)

The correctness score of each step (or stepwise
correctness score) which is basically the degree of
correctness will inform students in which step a
mistake has occurred, thus allowing them to trace
the error. Given the correctness scores of each
step, the average score is evaluated as follows:
m

Average score 

 ci
i 1

(5)

D

where D is a value which is influenced by the
number of invalid equations and equation
duplicates present in a working scheme. Given the
full mark, a value P, called the premark, is
computed as
P  Average score * full mark .

(6)
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The assignment of an overall score or the final
mark is restricted by the threshold value (to be
defined by the teacher) and is computed as

P  , if P   P  P   threshold

Overall score  P   0.5 , if P   threshold  P  P  . (7)
P  , otherwise
The overall score is presented as the mark for the
working scheme that indicates the holistic
correctness of the whole scheme. The threshold
value may be interpreted as a restriction on the
level of strictness in marking, or as the level of
competency that is expected of a student. The
construction of the SCCS computational
techniques of the SCCS engine are discussed
elsewhere.
3.2 SCCS Engine Capabilities
Despite our simple approach, our SCCS engine
has succeeded in emulating much of the stepwise
marking process normally performed by a human
examiner with the execution of the following
tasks:
i. Capable of allowing a working scheme of
responses to be entered all at once and not via
stepwise entry (Refer Figures 2 – 6).
ii. Implement a stepwise checking and scoring of
mathematical responses that can provide
quantitative feedbacks that inform students of
the stepwise correctness of their responses and
the holistic correctness of the working scheme.
The assignment of stepwise correctness scores
includes awarding a partial score for a partially
correct response (Refer Figure 2). The
assignment of overall scores for indicating
holistic correctness includes awarding a partial
overall score for a partially complete working
scheme consisting of correct responses (Refer
Figure 3).
iii. Able to identify duplicates in a working
scheme (Refer Figures 3 and 4).
iv. Able to identify a response that is an invalid
equation and to assign a zero correctness score
to the response (Refer Figure 5).
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v. Able to identify a complete working scheme
(Figure 6) and an incomplete working scheme
(Figures 2, 3, 4 and 5).
vi. Able to identify a response in standard final
answer format and to discriminate between a
response that truly forms the final answer
(Figure 6) from one which is not (Figure 4) .
Samples of the results of the SCCS engine
execution are shown in Figures 2 – 6.

Figure 2. A sample of working scheme with a partially
correct response in L3.

Figure 3. A sample of an incomplete working scheme
with correct responses.

Figure 4.
duplicates.

A sample of working scheme with

Note: Notice that the engine is able to judge the response in
L6 as not the final answer although it has the final answer
format. Compare this working scheme with the scheme in
Figure 6.
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Between 36 – 40 working schemes of responses
for each the questions on solving linear algebraic
questions in one variable shown in Figure 7 were
collected using the SCCS engine prototype.

Figure 5. A sample of working scheme with invalid
equations.

Figure 6. A sample of a totally correct scheme of
responses.

4 RELIABILITY ANALYSES
The performance of the SCCS engine is
established by analysing the reliability of the
correctness scores generated by the engine.
4.1 Method
The reliability of the automated correctness scores
as indicators of response correctness was
established by determining the degree of
agreement between the automated correctness
scores and manual correctness scores obtained
from manual marking process.

Figure 7. The set of questions used in the analysis.

ISBN: 978-0-9891305-4-7 ©2014 SDIWC

A total of 350 working schemes were collected
with the number of responses totaling 1385. The
correctness of the responses were automatically
assessed by the marking engine and saved in the
database of the prototype. The working schemes
were then retrieved from the database, printed and
distributed to the examiners to be manually
marked. Following the recommendation in [15],
three human examiners, each with a teaching
experience of more than five years, were involved
in the manual marking process. The 1385
automated stepwise scores (AS) of students’
responses were compared against the average
manual stepwise scores (AMS) of the examiners.
350 automated overall scores (AOS) were
compared against the average manual overall
scores (AMOS). The average manual stepwise
scores and the average manual overall scores of
the examiners are regarded as standards. In order
to qualify the examiners’ scores the merit of a
standard, the degree of agreement between the
examiners’ scores for each question was first
established.
The degree of agreement was first estimated using
a correlation test. The Shapiro-Wilks results of the
normality tests carried out on the scores prior to
the tests on the degree of agreement showed that
the distribution of each of the automated scores
and the manual scores do not assume a normal
distribution. Following the normality tests results,
the Spearman’s Rho Correlation Coefficient [16]
was used. The test of correlation was carried out to
provide a preliminary indicator of any degree of
agreement where a non-positive correlation
coefficient value will indicate whether or not
agreement exists between the automated and
manual scores. A positive coefficient indicates the
strength of the correlation. Hence, some degree of
agreement exists. A coefficient value of zero
indicates no correlation, and hence no agreement
exists between the (AS, AMS) and the (AOS,
AMOS) sets of scores. The correlation was tested
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at a significance level of   0.01 with the
assumptions of the null and the alternative
hypotheses stated as follows:
H 0 :   0.
H 1 :   0.

A value of   0 will indicate that there is no
correlation between the (AS, AMS) or between the
(AOS, AMOS) sets of data points, while   0
indicates otherwise and the null hypothesis will be
rejected.
The degree of agreement of the (AS, AMS) and
the (AOS, AMOS) sets of scores were determined
using the Krippendorff’s Alpha Reliability Index.
Following the recommendations in [17] and [18],
the standards of reliability for the Krippendorff’s
alpha, denoted here as  K are stated as follows:

: Not Reliable
 K  0.70
: Reliable
0.70   K  0.80
: Very Reliable
 K  0.80
The  K computations were performed using the
ReCal online software available at [19] which is
explained in [20]. Finally, the absolute error
between each (AS, AMS) data points and the
(AOS, AMOS) data points was calculated to
indicate the accuracy of the automated scoring.
4.2 Results and Discussions
The results of the analyses of the examiner
stepwise scores and examiner overall scores using
the Krippendorff’s Alpha Reliability Index are
recorded in Table 1.

Table 1. Examiners Analytical and Overall Scores Agreement Analyses
No. of
responses
84
113
122
165
175
164
188
189
185

ESS agreement
Decision
K
0.912
Very reliable
0.979
Very reliable
0.966
Very reliable
0.971
Very reliable
0.984
Very reliable
0.920
Very reliable
0.957
Very reliable
0.985
Very reliable
0.924
Very reliable

Key: ESS: Examiner Stepwise Score

EOS: Examiner Overall Score

Qtn
1
2
3
4
5
6
7
8
9

No. of
WS
40
40
40
40
40
36
39
39
36

The results in Table 1 show that the examiners
correctness scores for each question display a high
degree of agreement. The average reliability
coefficient of the stepwise scores  Kave  0.955 ,
while the average reliability coefficient for the
overall scores  Kave  0.980 . The  Kave values
give a clear indication that the examiners’ scores
are reliable and hence can be used as true values to
benchmark the scoring of responses and working
schemes of this research.
The results of the agreement analysis are recorded
in Table 2. They show that the automated
correctness scores display a strong positive
correlation with the manual correctness scores.
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EOS agreement
Decision
K
1.000
Very reliable
0.959
Very reliable
0.978
Very reliable
0.992
Very reliable
0.987
Very reliable
0.923
Very reliable
0.997
Very reliable
0.987
Very reliable
0.996
Very reliable

Table 2. Results of the Score Agreement Analysis
Total number
of WS
Total number
of responses
Correlation
Analysis
Degree of
Agreement
Analysis
Average
Absolute Error

( AS , AMS )

( AOS , AMOS )

350

350

1385

-

0.966 - 0.996
0.983
Reject H0
0.835 - 0.966
0.899
Very reliable

0.977 - 0.999
0.990
Reject H0
0.740 - 0.991
0.893
Very reliable

0.02

0.1

Note: The maximum score for the stepwise score is 1.00,
while the maximum score for the overall score follows
the full mark allocated for a question which ranges from 2
to 8.
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The average value of the correlation coefficient
calculates to   0.983 for the (AS, AMS) datasets
and   0.990 for (AOS, AMOS) datasets. The
results in Table 2 also show that the automated
correctness scores exhibit high degree of
agreement with the manual correctness scores for
the (AS, AMS) datasets as well as the (AOS,
AMOS) datasets. The  K values for the (AS,
AMS) datasets range between 0.835 – 0.966
giving the average of  Kave  0.899 . The  K

quite tedious to achieve. Hence, a plan to integrate
rule-based techniques into our solution, but still
maintaining the string matching approach in
determining response correctness, will be
considered in our future research. For our ongoing works we are currently testing the engine
SCCS capability on equations involving
logarithms and exponents.

values for the (AOS, AMOS) datasets range
between 0.740 – 0.991 which calculates to an
average of  Kave  0.893 . The average absolute

This work is financially supported by the RIF
grant from the Universiti Teknologi MARA,
Malaysia.

error for the automated stepwise correctness
scores is 0.02. For the automated overall
correctness scores, the average absolute error is
0.1. These values simply mean that on an average
the SCCS engine has the capability to award
automated stepwise correctness scores that will
differ by an error of ±0.02 from the stepwise
correctness scores awarded by a human examiner,
while the automated overall scores will differ by
an error of ±0.1 from the manual overall
correctness scores.
5 CONCLUSIONS
Given the results that have been obtained, we can
conclude that the automated stepwise correctness
scores and the automated overall scores are very
reliable indicators of responses and of working
schemes correctness. This conclusion permits us
to further conclude that the SCCS process that has
been based on a simple string matching approach
is reliable. Furthermore, the correctness scores
produced by the SCCS engine for the questions
used in this research are comparable to the
correctness scores awarded by human examiners.
The SCCS engine is able to assess response
correctness with an accuracy of ±0.02 and the
correctness of a whole working scheme with an
accuracy of ±0.1. Despite the promising results,
there still exist some limitations exhibited by the
SCCS engine due to the approach that has been
taken. The most apparent is the requirement of
sufficiently many variants of the ideal working
schemes for a given question, which proved to be
ISBN: 978-0-9891305-4-7 ©2014 SDIWC
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