Nonlinear Composite Adaptive Control for Quadrotor

Bara J. Imran* and Aydin Yesildirek?
With the Mechatronics Graduate Program
?Associate Professor with the Department of Electrical Engineering
L2American University of Sharjah, UAE
'B00044447@aus.edu , *Ayesildirek@aus.edu

ABSTRACT

A nonlinear composite adaptive control
algorithm is done for a 6-DOF quadrotor system.
The under-actuated system is divided to two
subsystems using dynamic inversion. Sliding
mode control is controlling the internal dynamics
while the adaptive control is controlling the fully
actuated subsystem. The plant parameters such as
mass, system inertia, thrust and drag factors are
considered as fully unknown and vary with time.
The composite adaptive control is driven using the
information from both the tracking error and the
parameter error. The stability of the closed-loop
system is shown in the flight region of interest.
Also the performance of the proposed controller is
illustrated to follow a desired position, velocity,
acceleration and the heading angle of quadrotor
despite the fully unknown parameters.
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1 INTRODUCTION

Many different dynamic systems to be
controlled have unknown or slowly varying
parameters. Therefore, unless such parameter
uncertainty reduced it may cause inaccuracy or
instability for control system. For instance,
firefighting air craft may experience considerable
mass changes as they load or unload large
quantities of water. One way to reduce the
parameter uncertainty is to use parameter
estimation technique where it could be done either
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online or offline. Offline estimation is more suited
if the parameter is constant and there is time to
estimate the parameter before controlling the
system. Still, for time varying parameter online
parameter estimation is more efficient to keep
track of the parameter value.

Adaptive control is an admirable candidate for
this type of systems because of its capability of
tracking a desired output signal with the presence
of parametric uncertainties. Adaptive control basic
idea is to estimate the uncertainty plant parameters
online using the inputs and the outputs signals of
the system, and then use these parameters in the
control input computation. There are two main
approaches for constructing adaptive controllers.
In this work, a so called model reference adaptive
control (MRAC) method is used. The convergence
of the parameters to the exact value depends on
the richness of the input signal. Still the adaptive
control will track the desired output signal despite
it convergences to the exact parameter or not.

A lot of interest in developing a control
algorithm for quadrotor has been grown lately;
this is because of its low cost, the high ability for
maneuver and vertically teak off and landing
which make it very popular as a research platform
especially for indoor applications.

For adaptive control scheme, there are different
parameters can be estimated. Many proposed
methods estimated only mass while the other
estimated mass and inertia matrix. However, very
few researches took other parameters into
accounts. For estimating mass, a backstepping
approach has been wused in [1] while an
improvement using adaptive integral backstepping
has been done in [2]. An adaptive robust control
has been proposed in [3] and a model reference
adaptive control in [4]. However for mass and
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inertia estimating, a comparison between model
reference  adaptive  control and  model
identification adaptive control has been done
in [5]. A Lyapunov-based robust adaptive control
has been used in [6], [7] and [8]. Also in [9], a
composite adaptive controller has been shown. In
addition, estimating extra parameters such as
aerodynamic coefficients can be shown first
in [10] using Lyapunov-based robust adaptive
control also in [11] using adaptive sliding mode
control and last in [12] using adaptive integral
backstepping method.

Quadrotor is considered as under actuated
subsystem; it has more degree of freedom than
number of actuators. Hence, the introduced control
method will divide the whole system to two sub
systems. The first subsystem will control the
internal dynamics using sliding mode control.
However, the second subsystem, which is a full
actuated system, will be controlled using an
adaptive control; to remove the effects of the
parameter uncertainty while tracking the desired
output.

This research paper is organized as follows. In
Section 2, the problem statement is described. The
dynamic equation of the quadrotor model and the
reference frames are introduced in the next
section 3. The proposed adaptive control scheme
is fully described in Section 4. The validation of
the proposed control is done using Simulation in
last section.

2 PROBLEM DEFINITION

Quadrotor, like any highly nonlinear system,
suffers from parameters uncertainty; either totally
unknown or vary with time. There are two main
ways to control such systems; either by using
robust controller or by using adaptive control.
Adaptive control deals with parametric uncertainty
without having any prior information about the
parameter.

In this paper, an nonlinear control of a 6-DOF
quadrotor to follow a desired position, velocity,
acceleration and a heading angle despite the
parameter uncertainty is aimed. In addition, plant
parameters such as mass, system inertia, thrust and
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drag factors are considered as fully unknown and
vary with time.

The quadrotor is considered as under-actuated
system. Thus, to control it in 6DOF, a dynamic
inversion technique to split the system into two
sub systems is been done. Using four command
signals, as input signals of quadrotor, the other
two commands are driven.

3 QUADROTOR MODEL
3.1 Reference Frame:

Two reference frames has been defined to
describe the motion of a 6 DOF rigid body; Earth
inertial reference (E-frame) and Body-fixed
reference (B-frame).

The earth-frame is an inertial right-hand
reference denoted by (Og, X, Ve, zg). Using the E-
frame, the linear position (I'E [m]) and the Euler
angles (@F [rad]) of the quadrotor has been
defined.

rE=[x y zT, of=[p 6 Y]’

Where x, y and z are the position of the center of
the gravity of the quadrotor in E-frame and
¢, 0 and ¥ are the Euler angles represent the roll,
pitch and yaw in E-frame respectively.

e tz /s

Figure 1: Reference Frame

The body-frame is a right-hand reference
denoted by (0, Xs, Y8, Zg). This frame is attached
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to the body of the quadrotor. Using the B-frame,
the torques (t [Nm]) and the forces (F® [N]) has
been defined. See Figure 1.

A rotation matrix is needed to map the
orientation of a vector from B-frame to E-frame. It
is described as follows:

CyCo SyCo —Sp
Ry = |~ Syl +CySeSy  CyCp tSySeSy  CoS¢
SyYSe + CySeCy —CyS¢ + SySeCyp CoCy

Where c,, means cos(x) and s, means sin(x).

3.2 Dynamic Equation:

Using the rotation matrix to map the forces and
the torques from the body frame to the earth frame
and by using Euler-Lagrange approach, the
dynamic equation of the quadrotor is driven and
described as following:

e
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X [ SwSe + CySeCy T
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i | = %| —CyS¢ + SySeCe | u— (1)
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Where the inputs are defined as:
1 1 1 1][hA
-1 0 L of|lf
o 1 o || ®)
1 -1 1 —-11lf,
fi =wi
.Q = W1 - W2 + W3 - W4

where m is the quadrotor mass in [kg], I, Iy and I,
are the quadrotor inertia matrix around x y and z
axis respectively in [N m s?], w; is the speed of the
ith motor in [rad/s], Q is the overall propellers’
speed in [rad/s], J, is the total rotational moment
of inertia around the propeller axis in [N m s2], k
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is the thrust factor in [N.s%], d is the drag factor in
[N m s%], [ is the distance between the center of
the quadrotor and the center of a propeller in [m]

and [, 74,76, 7] are the inputs of the quadrotor
representing the collective force, roll torque, pitch
torque and yaw torque respectively.

4 CONTROL SCHEME

The quadrotor system is considered as under-
actuated system; it has got 6-DOF and four
actuators. To achieve tracking control for the
desired command [x.,Y.,z:,¥:], a dynamic
inversion technique is been used to divide the
system into two subsystems [13].

The first subsystem is the internal dynamics
that have been defined using the feedback
linearization on the system and it is given by:

[X] _ 5[ S¢S¢ + C¢SQC¢,

" ] v @
—CySe + SySeCo
A sliding mode control is been used to control the
second subsystems and to generate the
command [¢. , 6.].
The second subsystem is considered as a full
actuated system and it is defined as:

iy [ 9 B R
.. ’y"z 3.7 " k
= + 5
(’ ”‘)qblp 0 0 £ 0 |z ©)
y
. I—I d
gl [(E)ee] [o 0 0 7l

In the second subsystem, an adaptive control is
been developed to overcome the unknown
parameters. Furthermore, the adaptive control is
designed to achieve attitude and the altitude
control of the quadrotor [ z, ¢, 8 ,Y].
Additionally, A composite adaptive controller is
been introduce to improve the parameters
estimation and the smoothness of the estimation.
The below block diagram in Figure 2 shows the
overall control scheme.
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Figure 2: Control Scheme Block Diagram

4.1 Sliding Mode Control for Internal
Dynamics:

Stabilizing the internal dynamics is essential to
guarantee the stability of dynamic inversion
technique. Thus, a proper command ¢, and 8, for
the roll and pitch respectively is been selected
such that the tracking control for x,. and y, is been
achieved. As a result, the internal dynamics will
be grantee to be stable. Figure 3 shows the block
diagram of the sliding control.

[}E] Reference Sliding | * B¢

Error
Model Xg
[}’a ]

Figure 3:Sliding Control for the Internal Dynamics Block
Diagram

Controller

Let us define the states of the first subsystem as:
q1 =[x YI"

Rewrite internal dynamics equation in (4) as:

_ S¢
. k
1= u¥ [ ] (6)
So
Sw C¢C¢
)/ -
Gy Syle

Where the yaw angle (y) and the roll angle (¢) in
the matrix W are the current angles of the system.

4.1.1 Reference Model:
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Let the desired trajectory for the first subsystem
been defined using the following reference model
in state space form:

qld qld
ml + Bml qlc
qld 1d

q

1. = [x, yc]T

where A,,; and B,,; represent the desired system
performance. Also x.andy. represent the
command inputs of the first subsystem.

4.1.2 Tracking and Sliding Mode Error:

Define the tracking error on XY -plane as:

)b

eq = q —_ q = =

o e ey Ya—Y
The associated sliding mode error is defined as:

S1 = él + Alel

e S

Aq = dlag([ Ay )

Where A, and A, are design positive constant and
represent a stable Hurwitz polynomial.

4.1.3 Control Law:

Using the dynamic equation (1), a relation
between the input force (u) and the gravitational
acceleration (g) could be made to simplify the
control law. Recall from the dynamic equation of
the z-axis:

k
Z=—u cos(¢p)cos(8) — g
m
At hovering state, the acceleration in z-axis equal to zero:

F=0 - %u cos(¢p)cos(8) = g

k _ g _
m u= cos(¢) cos(0) =G (7)
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The control law is defined in the form of:

bc
[ ] = sin" (P71 (41, — A161 — K151]/G ) (8)

Ky = diag(ky, ky)

Where k, and ky, are design positive constants and
represent a stable Hurwitz polynomial. Substitute
the control law in equation (6) yields:

G1= 15— N161— K151
$1+K1 $1 = 0 (9)

Therefore, gives exponential convergence for s,
which guarantees the convergence of XY-plane
tracking error (eq).

4.2 Direct Adaptive Controller

The objective of using the adaptive control is to
make the output asymptotically tracks the desired
output q,,(t) despite the parameter uncertainty.
The adaptive control is been applied for the
second subsystem to guarantee the convergence of
the attitude and altitude tracking [ z, ¢, 0, {]. See
Figure 4.

Zc

®c
QG

c

]

Tracking | §2
Error

Reference Controller

Model qa

g4 Adaptive %)
Law

Figure 4: Adaptive Control Block Diagram

Adaptive control of nonlinear systems has been
well studied in [16],[15] and [16].

4.2.1 Parameterization:

Define the states for the second subsystem as:

a2=1[z ¢ 6 Y
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Rewrite (5) in linear-in-parameter form:

DO =u (10)
where:
’51
01 E
0= , _
> l o]
/d

[(1 Z/f)/d]

u_ u T¢ Tg TI/)

@ = Qi) + F(fp. fo. fiyr 9)

[Z 0O 0 0 O 0]
_' 0 ¢ 0 0 O 0|
Q_‘ 00 6 0 0 0‘
l o 0o 0o ¢ o ol
[9 0 0o 0 O 0 1
lo o =f, 0 7, o0 |
¢ P
F(fcp,fe'fzp,g):io L0 0 —f o0 i
lo o 0o 0o o —f]
fo=00,  fo=¢p,  fy=¢b

4.2.2 Reference model

Similar to the first subsystem, let the desired
trajectory for the second subsystem been defined
using the following reference model in state space

form:

‘.jZd

+ B2 q2,
qu

92, = [zc, D¢, O l/)c]

where A,,; and B,,,; represent the desired system
performance Also [z, ¢,,6., W ] represent the
command inputs of the second subsystem.
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4.2.3 Tracking and Sliding Mode Error:

Defining tracking error for adaptive system as:

o] Jo] [
€2=qz2 —q2,;= e =|9|—|9d|
o) Ll Ly

And the associated sliding error as:

|'Sz] [%Z] I[/lzez]l
Sz = w0 ° + |’1¢e¢
of || ||
lSIpJ lé¢J llwelpj

Sy, = éz +A2€2

S, =€+ Ae; =q; —q,
qr = 42, — Az €,

where A, is positive definite diagonal matrix
defined as:

Ay =diag([l; A¢ Ao Ay])
And [A; Ay Ag Ay] are design positive

constant and represent a stable Hurwitz
polynomial.

4.2.4 Control Law:
Define the control law as:
u= @0 —K,s, (11)
where:
@ = Q(q,) +F(fp fo. fyr9)
K, = diag(k, kg, ko, ky)

where k,, kg, kg and k,, are design positive
control gains. Substituting the control law (11) in
equation (5) yields:

DO = PO — K,s,
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DO = PO — K,s5, + DO
(P — D)0 + K5, =P(0— 0) (12)
Using:
@ — @ =Q(4) —Q(q,) = Q(s2)
Rewrite (12) using the following simplification:
Q(s2)0 = diag(01)3;
This yield:
diag(0,) s, + K, s, = 6 (13)
where O is the parameter error defined by:
6=0-0

Therefore, s, converge exponentially to the region
defined by (0).

4.2.5 Adaptation Law:
Define the Lyapunov function as:

V(51,52,0) = %[s{Hsl + shdiag(04)s, +
0"P10] (14)

where H, diag(®,) and P are symmetric positive
definite matrix. The derivative of the Lyapunov
function is calculated as:

V = SITHS:I + ssziag(@l) S.Z + @ T P_l @
Using the equation (9) and (13) yields:

V = —.S:1TK151 — SZTKzsz + SZTE)@ +
0P e (15)

Assuming constants or small time varying
parameters (@):

0O=0-6=0
Choosing the adaptation law as:

s,T®+ 0TP 1) B =0
( )
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0=—Pd"s, (16)

Therefore, the derivative of the Lyapunov function
(15) becomes:

V = —SlTKl S$1 — SZTKZ AY) (17)
V<0
$1,50 >0 =>e,e,>0ast > o

Since K, and K, are positive definite diagonal
matrices, the above expression guaranteed global
stability and global tracking convergence of both
the sliding control and adaptive control systems.

4.3 Composite Adaptive Control

In the previous section, the information about
the estimated parameters are been extract from the
tracking error (e;). However, there is another
source could be used to extract the information
about the estimated parameters. Prediction error
on the inputs also contains parameters
information. Figure 5 shows the block diagram of
the composite adaptive control [17].

ZC
Iqoc
6,

c

q.q

. u
Tracking | S2 .| controller |

Reference
Error

Model qq

@

Ga Adaptive
Law
€

1.9 Prediction |_
Error h

Figure 5: Composite adaptive control block diagram

4.3.1 Prediction Error:

The prediction error is defined as the difference
between the actual input and the estimated control

e=l—u=®o0 — PO (18)

However, the presence of immeasurable
acceleration in @ will prevent us from using this
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definition for the prediction error () directly for
the parameter estimation. To avoid the appearance
of the acceleration in this relation, let us use a
proper first order filter as follows:

A
[s _|_f/1f] D(d, . fo, fpr9) = W( Q. fg, for fr 9)

A
S+1f

1
S+lf

lf[Q(iI)— Q(q) + F]=W (19)

where 22— is stable filter with As > 0.
S+ﬂ.f

Now, let us define a filtered prediction error (e€) as:
eE=W0=W0-u, (20)

where u, is the filtered version of the actual input,
defined as:

u, = [ A ]u (21)

S+lf

4.3.2 Adaptation Law:

The main idea of using the composite adaptive
control, is to develop an adaptive law that is
driven by the information from both errors,
tracking error (e,) and prediction error (e),
without changing the control law.

Choosing the composite adaptation law as:

O = — P[®"s, + WTR(t)e] (22)

where R(t) is a uniformly positive definite
weighting matrix. This Matrix is used to indicate
how much attention should the composite
adaptation law pay for the parameter information
that comes from the prediction error (e). It is
defined as:

R(t) = sts( wiw + sts)_l (23)
R(t) >0

Substitute the new adaptation law in (17). The
derivative of the Lyapunov function becomes:

V = —SlTKlsl - SZTKst - ETR(t)E (24)

V<0
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S1,52,€—>0 >e,e,>0ast > o

The above expression guaranteed global stability
and global tracking convergence of both the
sliding control and adaptive control systems.

5 SIMULATION RESULTS

Simulations are used to validate the proposed
control algorithm and to illustrate the difference in
behavior between the direct and the composite
adaptive controller. Figure 6 shows the used
simulink model.

In the simulation, time varying plant
parameters are considered. The plant parameters
are generated using square wave function which is
defined as:

Squre(freq, Amplitude, Offset, DutyCycle%)

The plant parameters have a common duty
cycle of 50% and a common frequency of
5x107* Hz. However each parameter has got
different amplitude and offset which are shown in
Table 1.

Table 1: Plant Parameters

Table 2; Command Signal

Command Frequency in Hz Offset
Xc 0.015 0
Ve 0.01 0
Z, 0.012 0
Y, 0.009 0

Time Frequency
Varying in Hz Offset | Amplitude
Parameter
m 5x10~* 1.5 1
Iy 5x10~* 0.01 0.005
Iy 5x107* 0.0125 0.005
I 5x10™* 0.02 0.01
k 5x10~* 0.1 0.09
d 5x10™* 0.002 0.001
Fixed Value
Parameter
1 0.03
Jp 104x10°°

Table 2 shows the command signals
[xc) Ve » Ze, Y] Which are generated using square
wave function with a common duty cycle of 50%,
amplitude of one and zero offsets. However they
have different frequencies.

ISBN: 978-0-9891305-3-0 ©2013 SDIWC

The control parameters have been selected to
satisfy the desired performance and they are
shown in Table 3.

Table 3: Control Parameter

Parameter Value
-2 0 -2 0
o -2 0 =2
Am 1 0 0 0
0 1 0 0
2 0
0 2
Bml 0 0
0 0
4 eye(2)
K, 2 eye(2)
;1 dp
Amz [I4x4 04x4]
A

diag([—2,—10,-10,-2])

Q22 —diag([2,29,29,2])
a;;
Bz 04—x4-]
42 5 eye(4)
K 6 eye(4)
P diag(1,1,1,1,5,5)
A¢

20

Figure 7 and Figure 8 show the positions and the
angles of the quadrotor respectively. The both
figures show the difference in response between
the Composite and direct adaptive control. The left
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column illustrate the responses at the beginning of
the simulation where time is between 0 <t <
100. While the right column represent the
responses at the time where the estimated
parameters changed their values 1000 <t <
1100. It is easy to notice that the composite
adaptive response is better and track the desired
signal faster.

In Figure 9, the tracking error of the position
and the angles of the quadrotor are shown.

=7 Command=

P Z Command { : >

Figure 10 shows the parameters estimation
where the composite adaptive control is tracking
the parameters exactly not like the direct adaptive
control. Also Figure 11 illistrates the parameters
error.

Table 4 shows the parameters estimation Mean
Square Error (MSE). The composite adaptive
control has got much lower MSE in all
parameters.

<¥aw Command=

X Command
¥ Command

<¥ Command=

Command

< Command=

P Yaw Command "(' “a '_

Rall Command —» Roll Command omegas — ||

HY actua Pitch Command

Sliding Mode
Control

P Fitch Command 3 :
¥ actua

Adaptive Control

Quadrotor System

Figure 6: Simulink Block Diagram
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Figure 7: Command, Desired and Actual Positions
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Table 4; Parameter Estimation Mean Square Error (MSE)

Method
Parameter Direct Composite
Adaptive Adaptive
m/k 0.10981 0.036170
I./k 0.00367 2.539%e-05
L,/ k 0.01143 8.021e-05
1,/d 22.8098 0.271159
L/k 0.06901 0.001622
(Ix - Iy)/d 2.51034 0.094554
m/k 0.10981 0.036170

6 CONCLUSION

A nonlinear composite adaptive control
algorithm is done for a 6-DOF quadrotor system.
The proposed controller forced the quadrotor to
follow a desired position, velocity, acceleration
and the heading angle despite the parameter
uncertainty. A Sliding mode control is used to
control the internal dynamics while the adaptive
control is controlling the fully actuated subsystem.
All the parameters such as the mass, system
inertia, thrust and drag factors are considered to be
fully unknown and been estimated.

The direct adaptive controller has improved to
become a composite adaptive controller. The
composite adaptive controller is driven using the
information from both the tracking errors and the
parameter errors. The stability of the closed-loop
system is shown in the flight region of interest.
Also the comparisons between both sachems are
illustrated .
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