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ABSTRACT

Many information-processing applications are based
on digital data although the origin of most sources of
information is analog. A new signal sampling and
representation framework for such purposes is
introduced in this work. We use prolate spheroidal
wave functions (PSWF) to represent analog signals
by digital information. The proposed method can be
applied to reconstruct signals on a finite interval from
a finite number of discrete samples. It is shown that,
contrary to the Nyquist approximation, the
reconstruction error of the proposed technique can be
made as small as desired. The new method is
applicable to general signals including two-
dimensional sources of images. Experimental results
are presented and discussed. Our conclusion is that
the proposed approach to signal representation using
PSWF could be superior to presently available
methods and may be instrumental in most practical
cases of digital signals, which are naturally of finite
support.
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1 INTRODUCTION

Nyquist sampling theorem is widely accepted as
a means of representing band-limited signals by
their digital samples. Its main drawbacks,
however, are that practical signals are time-
limited and therefore not band-limited and that
in order to reconstruct a band-limited signal an
infinite  number of samples are required.
Nevertheless, although in most cases Nyquist
theorem cannot be used to perfectly reconstruct

ISBN: 978-1-941968-14-7 ©2015 SDIWC

signals, it can be used as a reasonable
approximation for the acquisition of most
signals.

In this work, we propose a new approach to the
digitization  task, providing a better
approximation than uniform Nyquist-based
sampling. The proposed method is more
complex than uniform sampling, however,
suitable hardware can easily cope with the added
complexity. On the other hand, in order to get the
same approximation error, the proposed method
will require significantly fewer samples than
uniform sampling.

According to the sampling theorem, a band-
limited signal f(x) can be represented as a
function of its discrete samples f(n/2w).
Mathematically, the signal representation is as
follows:

© n « Sin (2110) (X - %))

21w (x - %)

1)

It is evident that the signal reconstruction is
affected by all its samples. Due to the scaling
property of the Fourier transform, without loss
of generality we will set the interval to be [-1,1]
in this paper and only the bandwidth will be
changed.

Figure 1 depicts a band-limited signal and its
finite sum approximation according to:
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N n < Sin| 21w (x - %)
fx) = Z f(%) 2<Tm) (X_é) ), (2) 80 = i . sin (2nw (x —%))

n=—N
n ) 4
N = |2w]. = 21w (x - %) (4)
N = |2w]
2 : . . . .
P ISR TR ittt | and the approximation error is then given by:
: Finite Sum approximation
| £ A E(lI8G0) — s(IZ,) = E { [IECE s(x)lde}
L) —
-1
05§ ()
=z ) P,
0F Mz|n|>N
05 which is proportional to:
-1 2
: ; ; ; ; 1 [sin (2nw (x - %))
s 1 05 0 05 1 15 P(n) = jl dx. (6)
Figure 1. Signal reconstruction using a finite number of - Znw (x - %)

samples within a given interval. As can be seen, an error

is likely to occur mainly near both ends of the interval. . . . .
Y Y Figure 2 depicts numerical calculation of (5). It

is apparent that the approximation error is

D h f the Sinc f ion, iti
ue to the decay rate of the Sinc function, it is decreasing with the bandwidth.

reasonable to assume that adjacent samples
affect the result more than samples that are far
from the reconstruction point, in a reciprocal
manner to the distance. It can be seen in Figure
1 that at the edges of the interval the
approximation error is larger than in the middle
of the interval. This could be significant for short
time support signals.

Error due to finite number of samples in sum

} : w (Hz)
Generally, the error is signal dependent. But the Number of samples in [-1,1]

average error can be analyzed using a stochastic

o
=

band-limited signal model: g 60 :
= 40
M sin (271@) (x - %)) E 20
=) o (3) =2 ot R S S R R
= 21w (x —m) 3 4 & g 10 12 14
M >» 20| @ (Hz)

Figure 2. Approximation error and SNR. The horizontal

where c,, are zero-mean I1D random variables. In axis indicates the bandwidth of the signal.

this model the signals have a flat spectrum. . .
g P This result is due to the fact that fewer samples

are adjacent to edges and thus the approximation

Assuming that only 2N+ 1 samples in an .
error is smaller.

interval [—1,1] are known, Equation (3) can be
approximated by:
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2 THE PROPOSED APPROACH

Given a band-limited signal y(t), the goal is to
find an  N-dimensional  signal  §(t)
minimizing [ly(t) — ()ll1,[-1,1)- Generally, nor
y(t) and neither §(t) vanish outside [—-1,1]. It is
also possible that [ly(t) — #(t)ll,,[-1,1] is large.

The proposed approximation is based on Prolate
Spheroidal Wave Functions (PSWF) of order
zero. Although PWSF were studied exhaustively
in the past, there is little research akin to
sampling and reconstruction using PSWF. In [1]
the authors proposed to use PWSF to extrapolate
a signal known in [-1,1]. In [2] the author
proposed to interpolate band-limited functions
using PSWF, however, did not present a
concrete reconstruction scheme though he did
state that PWSF are mathematically intractable
and presented asymptotic expansion.

Our approximation is based on three prominent
properties of PSWF: (i) Prolate Spheroidal
Wave Functions of order zero comprise an
orthonormal basis in L,[—1,1]. (ii) The PSWF
are bounded. According to [3] Equations (58)
and (60) there is N > 0, such that for all n > N
the following holds:

PP(x) £Vn+0.5. (7)

(iii) The eigenvalues of PWSF have a distinctive
pattern:

w|12]? ~ 1 n<4w
0<w|A2]* <1 4o <n<4w+6 (8)
w|A9)? ~ 4w+ 6<n.

It can also be shown that the eigenvalues {A%};-
have very fast decay [4]. Approximately the first
|4w| values of w|A%|? are very close to 1. Then
only a small number of eigenvalues are between
0 and 1, while the rest are very close to zero.
Figure 3 depicts a few distributions of PSWF
eigenvalues.
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Figure 3. The distribution of PSWF eigenvalues, as a

function of the bandwidth ®.

As a result, it will be shown that the
approximation error of using PSWF to represent
a signal can be made small due to the fast
eigenvalue decay. In fact, for n > 4w + 6 the
eigenvalues A% have a more than exponential
decay. An asymptotic bound is found in
numerous numerical calculations:

291 < 12 - e,
n=mz2 [4w + 6].

©)

Figure 4 depicts several numerical calculations.

It is straightforward to show that the
eigenfunctions  {¥,(w)}-, constitute an
orthonormal basis for L,[—w, w]. Hence it is
possible to represent a signal in the frequency
domain as a linear combination of the basis
functions:

1 w (U <<
%(u)={v_al”" @ —esuso g

0 lul > w
such that:
N-1 .
YE - ) an ¥ o,
n=0 La[-w,w]
an = (Y(E)' LI’n(f))Lz[—w,w] , (12)
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Figure 4. Numerical presentation of the PSWF

eigenvalue decay.

where Y (§) is the Fourier transform of y(x) and
{a,}-, are the representation coefficients. By
using Parseval’s identity, it is possible to get the
following set of equations (Appendix A):

N—-1
Y = ) @y A P (0) %0, (13)
n=0 2[—00,00
N-1 ' [ ]
YO = ) - A - 1, ()
n=0 Lp[-1,1]
(14)

[oo)
© ) lan-Anl?,
n=N

[oe]
Vo ) lan - Anl? < Vo - suplay -
n=N
n=N

D1z, (15)
n=N

which indicate the norm of the error.

The PSWF expansion is stable in the sense that
a small change in the coefficients {a,}s-, causes
only a small change in the approximation error:
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N-1

V) = ) (an +hay) AV - ()
n=0 Lp[-1,1]
< ‘/BZMn')\nlz (16)
n=N

N-1
D layl
n=0

Furthermore, as known from Fourier Theory, L,

convergence does not necessarily imply
pointwise and uniform convergence. Here,
however, in the PSWF reconstruction, L,

convergence does imply uniform convergence
and there is no Gibbs-like phenomenon. In fact,
it can be shown that for x € [-1,1] we get
(Appendix A):

N-1
y(x) — \/BZ ap Ay Uy (x)
n=0

i Andin * o ()
n=N

(17)
<Jo

)

which means that the error can be made as small
as desired independently of the represented
signal.

Our analysis shows that most band-limited
signals can be reconstructed by approximately
the [4w + 6] first eigenfunctions of PSWF.
According to (18), w|A,,|? is the ratio between
the PSWF energy in [—1,1] to the PSWF total
energy. From (8), approximately the [4w + 6]
first eigenfunctions have significant energy
inside [—1,1] while other eigenfunctions have
most of their energy outside [—1,1]. As a result,
only the [4w + 6] first eigenfunctions play a role
in  band-limited  signal approximation
inside [—1,1]:

u)l)\ |2 _ ”lIJn(X)”iz[_Ll]
n

RGO o) (18)
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It is possible to perform numerical integration in
order to calculate the expansion
coefficients {a, };7-o. An apparent drawback of
numerical integration is the requirement for
many samples of the signal and thus greater
complexity. It is thus proposed to use an
alternative approach that utilizes the PSWF
properties. The sampling is not uniform, and in
addition it requires a matrix for vector
multiplication. The expansion coefficients are
calculated using:

a=¥"(x)y(x), (19)
where:

o (xo) Un-1(Xo)
Wi =] ] e
o Wo(Xn-1) Wn-1(Xn-1)

After mathematical derivations we get (see
Appendix A):

< [l2@ ™,

-vn + 0.5],

Ia —all,

(21)
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Figure 5. 'I’(gZems) norm bound. As can be seen, all

the values are below the 2 curve.
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ISBN: 978-1-941968-14-7 ©2015 SDIWC

and

= [\/67\030’ ---:\/EAN—13N—1]T' (22)

From (21) it can be deduced that the coefficients
error is proportional to ||g(§Zems)_1||1 . Through

numerical analysis it can be shown that the
following holds:

2

||g(52ems)_1||12 s (23)

Figure 5 depicts numerical calculations of (23).
As a result, we can show that (see Appendix A):

Vo z/lnan-\/n+0.5.
n=N

The reconstruction error of a band-limited signal
has two parts. The first part is due to the finite
expansion (14). The second part is due to the
expansion  coefficient  calculation  (19).
Combining (14), (16) and (24) yields:

(24)

”é - 2”12 S

N-1
y(x)_zdn'¢n(x) <
n=0 Ly[-1,1]
(25)
-vn + 0.5].

Using (9) to evaluate the right hand side of (25)
we get:

NI I 26
D lan 2912 < suplag| - ——,  (26)
n=N 1—62n
n=N
Zlﬁan-\/n+0.5
n=N
N @
< Z|an|2 M e
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(28)

Finally, it can be shown that (25) is bounded by:

N 1 2VN+1
Vo HZN|an| "AN"<m+ . _e_m)). (29)

The reconstruction error bound is a product of
three factors. The first factor is the residue of the
signal’s series expansion, therefore bounded by
the signal’s energy (28). The second factor is the
PSWF eigenvalue of order N. The third factor is
proportional to+N + 1. According to (9), the
PSWF eigenvalues have more than exponential
decay. Consequently, (29) is dominated by the
PSWF eigenvalue of order N, and as such has
more than exponential decay.

Figure 6 depicts numerical calculation of the

reconstruction error bound without a signal
dependent factor:

(30)

\/6'|7\(ﬁ’|'< 1 2\/N+1).

+
Vi—em (1—e™M)

It is evident that contrary to the sampling
theorem, an additional sampling point results in
significant improvement of the reconstruction
error. In numerical experiments it is observed
that the reconstruction error bound is not tight
and in the vast majority of cases [4w]+ 4
samples will yield good reconstructions.

3 RESULTS

In order to compare the two methods for the
same number of samples, Monte-Carlo
simulations [5] were carried out in this work. As
can be seen in Figure 7, changing the number of
samples for example from [4w] + 4 t0 [4w] + 6
hardly improves the approximation error for the
uniform method, while affecting the new
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proposed approach significantly, by
approximately 20dB. A related two-dimensional
result is shown in Fig. 8.

4 CONCLUSION

A new framework for digital signal
representation has been introduced in this work.
We have compared it with the standard
bandlimited interpolation and with a fast
decaying kernel. The main advantage of the new
method over uniform sampling is that here a
small increase in oversampling results in a
significant decrease of the approximation error.
This behavior of the approximation error is due
to the fast decay of the eigenvalues of the PSWF-
AR forn = [4w] + 6.

Our conclusion is that the proposed approach is
superior to presently available methods. The
new method could be instrumental in most
practical cases of processing of finite support
signals [6],[7], especially in cases where the
sampling-interval multiplied by the bandwidth is
small.
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Figure 6. Reconstruction Error Bound as a function of the
bandwidth for various numbers of sampling points.
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Finite Interval Reconstruction Error
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Figure 7. Approximation error comparison. Shown are
the SNR (top) and the number of sample (bottom) as a
function of the signal bandwidth.

APPENDIX A

Derivation of (13):

FU@) = [ h@eria, = f V%W (g)

—w

A 2 (x).

definition

1
\/5 fw;)(u)ejanxudu =
-1

N-1

(GEDWRTAC!

n=0

definition
Ly[-w,w]
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Uniform Sampling
Reconstruction

Proposed Method
Reconstruction

Partitioned

Original Image Original Image

Figure 8. The effect of the new approach on images. As
can be seen, in short finite-support signals (vertical
segments marked at the 2nd image from the left) the edges
of the segments are distorted when uniform sampling is
used (white vertical lines in the 3rd image from the left)
while the proposed method provides superior continuous
reconstruction (4th image).

N-1
(GEDWHLAN
n=0 La[—00,00]
N-1
— _ -1 =
Parseval’s }/(X) Zan F {Wn(f)} Eq.
Identity n=0 Ly[—o0,00] Above
N-1
@) = Yy AE ()
n=0 Ly [—00,00]

Derivation of (14):
y(x)— Z ap " An\/a RUNEY)

Triangle Elequality

n=0 La[-1,1]
M
ORISR
n=0 Lp[-11]
M
+ Z an')l-n\/a'lpbn(x) <
Intg
n=N Ly[-1,1]
M M
Y = ) A (1) + 0D el
n=0 n=N

balemee] Ly[-11]

By taking M — o and the orthogonality of
{¥n )= ONe can get the result.

Derivation of (17):

N-1

y(x) _\/az an * An 'lpn(x)
n=0

Triangleaequality

M-1
y(X)—\/(;Z an'ln'lpn(x)
n=0

M-1

-{'\/a Zan'ln'wn(x)

n=N

M-1

y(xo) - \/5 Z [ lpn(xo)
n=0

FT
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w M-1
f <Y(§) - Z %%(5)) elmolgel <

“w n=
[ M-

f Y@ - anwn(s)‘ ds
0

“w n=

|

<
Cauchy-Schwarz
inequality

w

]

-w

Therefore:
N-1
CORT) WY SENES

M-1 2

Y(f) - z anqln(f)

n=0

M—-oo
dE—>0

=)

D A o)

n=N

<Vo

Derivation of (21) and (24):

la-all, = [*@ @ -q, =

lr@7 0@ -vwa, .2

b T
-1
v @7, () - ¥ (@all,
N-1 N-1 2
() ~w@al, = D" e =V ) Auathnen)| <
m=0 n=0
N-1| o 2 N-1]
S vt vuted| D[ Vora, Var 05
m=0 In=N 7 m=0 In=N

2
=Nw

Z Ana, -Vn+0.5

n=N

From (23) stems:

la—al, <2va

Z An@, - Vn+0.5
n=N

Derivation of (26):

©

Dlage <ag-

o

Z|e—rl(n—m)|2 =22 enm

n=N n=N
A‘”-erlm\[ 1 —1_e_2nN—Aw.eT7m
m 1—e21 1—e21 '™ 1-—
e~ n(N-m)
— W .
=i Vi—e

By choosingm = N:

Therefore:

||

nzN

- -
D lan- 2412 < suplanl | 1421 < supla,] - ===
= = nzN 1—e™2n
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Derivation of (27):

<)

o
< 2 w |2
Cauchy-Schwarz z lanl z |/1Tl—1| n

inequality n=N n=N+1

Z AQa,-Vvn+0.5

=

Z n|e—n(n—1—m) |2 =

n=N+1

.
D gl < 2

- N e 4 — e W(eg=@ + N — Ne™9)
n-e"am =
4 (1—e )2

=

0 o N

Z ne-2an — Zne—za-n _ Z ne-2an —
n=N+1 n=0 n=0
e 20+ (720 4+ (N 4 1) — (N + 1)e™>%)

(1 — e—Za)Z ’

Therefore:

e MWD fe=2n 4 (N +1) — (N + 1e27
1—e™2n ’

By choosing m = N:

A;Ly)l . en(m+1)

VN +1
<Ay

N1 —e2n°

As a consequence:

Z 29a, - Vn 05

n=N

<
Cauchy-Schwarz
inequality
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