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ABSTRACT 
 
A heterodyne interferometer is presented for 
measuring the ellipsometric angles in real time. 
These two angles are calculated in terms of two 
heterodyne interference signals that determined 
accurately by maximum likelihood method. Since 
the common path design of the interferometer 
eliminates the noises carried by the heterodyne 
signals, high accuracy of the measurement is 
achieved. 
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1 INTRODUCTION 
 
The determination of state of polarization (SOP) 
of light wave by ellipsometry can be applied in 
a great variety of industrial, medical and 
scientific fields. Such technique that have been 
developed successfully in various disciplines 
for several decades is thus an important 
instrument to investigate the physical properties 
of thin film, such as the thickness or the 
refractive index, via measuring the change of 
SOP of a light wave reflected from the thin film. 
This change of SOP is due to the interaction of 
the polarized incident light wave with the 
molecules of thin film [1]. 

The ellipsometer measures the ratio of 
complex reflective coefficient rP of P wave to 
complex reflective coefficient rS of S wave that 
obliquely reflected from the sample. This ratio r 
can be described by 

r=
)exp(||

)exp(||




SS

PP

ir

ir =tan(Ψ)exp(iΔ) (1) 

where the ellipsometric angles Ψ gives the 
absolute ratio |rP|/|rS| via tangent function in the 
full range [0, π/2] and Δ=φP-φS is the phase 
difference between two reflective coefficients 
in the full range [-π, π]. After the measurement, 
a least square fit is initiated to estimate the 
properties of thin film by using Fresnel 
equation regarding Ψ and Δ and the physical 
model of the sample. 

Interferometric ellipsometry was first 
proposed by Hazebroek and Holscher [2]. 
Instead of photometric method, interferometric 
method is more sensitive to the phase change 
between rP and rS. Due to the high noise 
rejection feature, phase modulated approaches 
were recently developed, such as using single 
photoelastic modulator (PEM), two phase 
modulators, electro-optic modulator, and PZT 
modulator [3-8]. We had also developed a 
heterodyne interferometric approach based on 
two acousto-optic modulators (AOMs) for 
characterizing SiO2 thin film [9]. Those 
approaches either required two stages to carry 
out the measurement, or double reflections on 
the sample surface was needed, or the system 
model gave low resolution at certain Ψ, or the 
ranges of measured ellipsometric angles were 
limited. 

 In this study, we present a real-time common 
path heterodyne interferometer using 
commercially available optical devices to 
measure the ellipsometric angles (Ψ, Δ). The 
laser beam is reflected only once from the 
sample surface. The angles (Ψ, Δ) are 
calculated in  
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Figure 1. Heterodyne interferometric configuration. BX: 
beam expander/collimater, H: half wave plate, S: sample, 
P1, P⊥, P//: polarizers, PR1, PR2:photoreceivers, L:focus 
lens, AOM1, AOM2: acoustic-optic modulators, NBS1-3: 
nonpolarized beam splitters, M1, M2: mirrors. 
 
terms of interference phases and amplitudes 
while the noises buried in those signals are 
greatly reduced due to the common path design. 
In addition, the amplitudes and phases of 
heterodyne signals are determined by using 
maximum likelihood (ML) technique, which 
was successfully implemented for displacement 
measurement [10], thus the resultant high 
accurate ellipsometric angles are expected. 
Since no moving part is involved and no need 
to adjust the optical devices, real time 
measurement is achieved. The system is 
calibrated before measurement to determine the 
small complex transmission coefficients 
resulted from optical devises impose on P and S 
components. The interferometer is also verified 
by measuring the angles (Ψ, Δ) of a Soliel-
Babinet compensator. 
 
2 SYSTEM DESCRIPTIONS 
 
2.1 Heterodyne interferometer 
 
The schematic diagram of Mach-Zehnder 
heterodyne interferometer for measuring 
ellipsometric angles (Ψ, Δ) is depicted by Fig. 1. 
A collimated laser beam after single reflection 
from the surface of an optically isotropic 
sample is directed to a non-polarized beam 
splitter (NPBS1) so that the incident plane is 
spanned by the propagation vector of incident 
laser beam and the normal of sample under test. 
The SOP of collimated laser beam is linearly 

polarized at π/4 by H before obliquely incident 
on the sample surface. Then the laser beam that 
carry the complex reflections rP and rS 
respectively is separated by NBS1 into signal 
beam (SIG) and reference beam (REF). AOM1 
shifts the optical frequency of REF to ω1 

meanwhile AOM2 shifts the optical frequency 
of SIG to ω2 so that the heterodyne frequency is 
ω1=|ω1-ω2|. The SOP of REF is converted to 
linear polarization state by a polarizer P1 with 
azimuth angle at π/4. Thus the amplitudes and 
phases of horizontal and vertical components of 
REF are the same, however, both are function 
of rP and rS. The NBS2 mixes SIG and REF and 
directs the mixed electric field to NBS3. Since 
the imperfection of polarized beam splitter 
introduces nonlinear error on the interference 
signal [11], we replace the polarized beam 
splitter by NBS3 and two polarizers P⊥ and P//, 
to assure only P wave of SIG and REF 
propagate to PR1 and only S wave of SIG and 
REF propagate to PR2. Note that the path 
difference between the P wave of SIG and that 
of REF is just the path difference of SIG and 
REF from NBS1 to NBS2 when they arrive 
PR1. In addition, the interference phase 
between the P wave of SIG and that of REF 
also includes an additional phase shift due to 
the SOP adjustment by P. The same situation 
occurs to S wave of SIG and that of REF when 
they impinge on PR2. Therefore, the phase 
difference between the heterodyne signals 
output from PR1 and PR2 equals Δ, meanwhile 
the amplitude ratio equals |rP|/|rS|. 
 
2.2 Mathematical calculations 
 
The heterodyne interferences described in Sec 
2.1 can be evaluated by using Jones calculation 
under the assumption of no depolarization 
occurred in the interferometer. The Jones vector 
of incident laser beam can be expressed by 

                    EIN= E0 







1

1
    (2) 
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E0 is the complex amplitude of electric field of 
laser beam including the phase shift and 
frequency term. For an optically isotropic 
sample under test, its Jones matrix can be 
described by 

   JS= E0 







)exp(||0
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Thus the Jones vector of laser beam JIN before 
splitting by NBS1 is 

                JIN=E0 







)exp(||

)exp(||




SS

PP

ir
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  (4) 

The NBS1 equally splits the laser beam into 
SIG and REF. The REF passes through P1 
where the transmission axis of P1 is rotated at 
π/4 to the incident plane. Thus the SOP of REF 
after passing P1 becomes a linearly polarized 
laser beam. Its horizontal component and 
vertical component are in the same amplitude 
and carries the same phase shift  

JREF=U 







1

1
exp(i )              (5) 

In above equation, the amplitude U and phase 
shift   are both function of |rP|, |rS|, φP and φS. 
However, U and   are common to all the 
interference terms, they are not considered in 
subsequent analysis. The polarization 
dependent property of NBS is ignored due to 
the error resulted from these polarization 
dependence is approximately  /104 for 0.01 
degree alignment error are drop to zero under 
perfect alignment [12].  

Multiplying JIN by corresponding Jones 
matrices of optical devices from NBS1 to P// for 
SIG and that for REF in conventional orders, 
the total electric field EP of horizontal polarized 
waves impinge on PR1 can be found 

 
EP=a1|rP|exp[i(ω1t+φP+θ1)] 

                 +bexp[i(ω2t+θ1,REF)]  (6) 
 

a1 and b are the products of field amplitude 
attenuations due to amplitude splitting, SOP 
adjustment and |E0| respectively. In (6), θ1 is the 
accumulated phase of path length of SIG from 

laser source to PR1. θ1,REF is the sum of   and 
the accumulated phase shift of path length from 
laser source to PR1. The phase difference θ1-
θ1,REF=2πd/λ where d is the path length 
difference between two arms of Mach-Zehnder 
interferometer and λ is the wavelength of laser 
source.  

By the same token, the total electric field ES 
impinge on PR2 is 

 
ES=a1E0|rS|exp[i(ω1t+φS+θ2)] 

                 +bE0exp[i(ω2t+θ2,REF)]  (7) 
 

where θ2 and θ2,REF are the phase shifts similar 
to θ1, θ1,REF. Thus the phase difference θ2-θ2,REF 
is the same as θ1-θ1,REF. Note that the common 
path is so generated with respect to P and S 
waves in SIG arm as well as in REF arm so that 
the interferometric phases output from PR1 and 
PR2 contain the same phase shift introduced by 
path length difference between two arms and 
the same phase noise introduced by the 
environments. This will be of great benefit to 
the signal process. 

Since we only concern the AC signals, the 
output AC voltages from PR1 and PR2 are 

 
     VP=2Aηa1bIo|rP|cos(ωt+φP+ +θdiff) (8) 
     VS=2Aηa1bIo|rS|cos(ωt+φS+ +θdiff) (9) 

 
where Io=|E0E0

*| and θdiff=2πd/λ. η, A are the 
responsivity and transimpedance gain of PRs, 
they  are assumed the same for identical PRs. 
Therefore, ellipsometric angle Ψ can be directly 
determined from the ratio of amplitudes |VP| 
and |VS| by 

    Ψ=tan-1[
||

||

V

V

S

P ]            (10) 

Another ellipsometric angle Δ is obtained by 
taking the phase difference between VP and VS 

            Δ=∠VP -∠VS             (11) 
 
3 SIGNAL PROCESSING  
 
In this study, the amplitudes and phases of two 
heterodyne signal waveforms are detected to 
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compute the ellipsometric angles. Due to the 
random noise presented, it is necessary to treat 
the waveform detection problem as a sequential 
detection where many observations at fixed 
period are required to generate sufficient 
statistics. Therefore, based on the stochastic 
property of N observations, we assume each 
observed waveform Yi=Vi+ξ is obtained from 
the true value Vi that corrupted by 
independently and identically distributed 
random noise ξ, where the probability 

                  P( )=
2

1
exp[-ξ2/ 2]          (12) 

is Gaussian statistics for additive white noise 
with constant variance  2 and zero mean. Thus, 
the joint probability P(Y|V) for making N 
independent observations is the product of each 
observation  

P(Y|V)=
)2(

1
N


exp[


n

VY nn

2
)(

2

2

]   (13) 

where index n ranges from 1 to N for N 
independent observations. Equation (13) is a 
ML function resulted from the noise model for 
observations. The conditional probability 
P(Y|V) for making N independent observations 
should be maximal so as to give optimal 
estimation of V. If a heterodyne signal is 
expressed by 
          V(t)=Acos(ωt+β) 

=acos(ωt)-b sin(ωt)             (14) 
where  

       a=Acos(β), b=Asin(β)                (15) 
By substituting (14) into (13), the ML function 
with two unknowns a and b becomes 

P(Y|V)=Vexp[


n

TnbTnan




2

)]sin()cos(Y[
2

2

]  (16) 

where V=(1/2πσ)1/2, T is the sampling period. 
The maximal of P(Y|V) with respect to a and b 
gives rise to combination equations by  

     
a

TnbTnaYi


  })]sin()cos([{ 2
=0    (17) 

and 

     
b

TnbTnaYi


  })]sin()cos([{ 2
=0    (18) 

Thus amplitude A and phase β of the waveform 
V(t) are easily determined by 

  A= ba 22  ,  β=tan-1[b/a]            (19) 
That is, the amplitudes and phases of two 
heterodyne signal described by (8) and (9) can 
be easily obtained by using ML technique. 
Then (Ψ, Δ) are determined by (10) and (11). 
From those equations, Ψ is in full range [0, π/2] 
whereas Δ is in full range [-π, π] as well. 
 
4 EXPERIMENTAL DEMONSTRATIONS  
 
The laser source of optical setup shown in Fig. 
1 is a frequency stabilized He-Ne laser at 
λ=632.8 nm (Spectra Physics SP117A). The 
laser beam is carefully expanded and collimated 
by a beam expander at diameter about 2 mm. 
The SOP of laser beam is then adjusted to 
linear polarization at azimuth π/4 relative to the 
incident plane. After obliquely incident on and 
reflected off from the sample at certain angle, 
the laser beam is split and recombined at three 
identical non-polarized beam splitters NBS1, 
NBS2 and NBS3. Three polarizer with high 
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Figure 2 The sampled VP and VS are shown as circles 
whereas solid lines are the calculated signal waveforms. 
 
extinction ratio 10-5 are employed as P1, P// and 
P⊥ for SOP adjustment. Two identical photo-
receivers (Newfocus 2001) set at AC couple 
convert the optical power to voltages under the 
same transimpedance gain while the heterodyne 
frequency ω9.9 KHz is established by AOM1 
and AOM2.  

(a)

(b)
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The output voltages VP and VS are captured 
by data acquisition board (National Instrument, 
PCI-6143) which synchronously samples VP 
and VS at sampling frequency 200 KHz. The 
sampled voltages are depicted in Fig. 2 as 
circles whereas the solid lines are the waveform 
calculated by using the amplitude and the initial 
phase of (19). Note that the heterodyne signals 
VP and VS are sampled simultaneously, thus the 
phase information φP+ +θdiff, and φS+ +θdiff 
are calculated at the same time base. 

We also test the stability of heterodyne 
interferometer without sample over 15 minutes 
as shown in Fig. 3. Theoretically, the P wave 
and S wave of incident laser beam should be in 
the sample amplitude and the same phase, thus 
Δ should be equal to zero and Ψ should be 45 
degrees. This test examines the residue linear 
birefringence and the slight imperfections 
introduced by the system. The measured mean 
value of Δ is -0.056 deg with standard deviation  

0 1 0 0 2 0 0 3 0 0 4 0 0 5 0 0 6 0 0 7 0 0 8 0 0
0 .4

0 .5

0 .6

0 .7

0 .8


 (

d
eg

)

0 1 0 0 2 0 0 3 0 0 4 0 0 5 0 0 6 0 0 7 0 0 8 0 0

4 4 .5 2

4 4 .5 4

4 4 .5 6


  

S e c o n d s

 (
de

g)

 
Figure 3. Long term stability test of the interferometer. 
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Figure 4. Phase retardation and amplitude ratio of Soliel-
Babinet compensator measured by proposed 
interferometer. 

0.13 deg where the mean value of Ψ is 44.54 
deg with standard deviation 0.01 deg. Finally, 
we replaced the sample under test by a Soliel-
Babinet compensator (Thorlabs, SBC-VIS) 
where its optical axis is pointed to zero degree 
for checking the validness of the system. The 
laser beam passes perpendicularly through the 
compensator meanwhile the retardation is 
manually adjusted in equal distance via a fine 
micrometer in a step by step manner. The Jones 
vector of input laser beam thus becomes 

 JIN=E0 








 



))(tanexp(

))(tanexp(
1

1




i

i            (20) 

where   is the phase retardation at each step. 
By using ML estimation, the calculated phase 
retardation is depicted in Fig. 4(a) as circles, the 
retardation   measured in each step gradually 
decreases as expected. Since the amplitudes of 
input Jones vector are the same for each step 
irrespective to the change of  , The arctangent 
of amplitude ratio closes to π/4 is also depicted 
Fig. 4(b) as predict.  

We employ a commercially available 
standard wafer (Mikropack, ID0156) as the test 
sample. On this wafer, SiO2 thin film was 
deposited on Si substrate in six strips with 
different thickness. The thickness of each strip 
was calibrated by the supplier with Plasmos 
ellipsometer. The standard wafer is mounted on 
a high precision rotation stage (Newport, 
URS150BCC) which provided 0.02 deg 
accuracy. When the angle of laser beam 
obliquely incident on the sample is adjusted at 
three different angles, the calculated thickness 
of SiO2 thin film by using ambient-thin-
substrate model is shown in Table-1. The 
calibration data given by the supplier at θ=70 
deg incident angle is also shown in the table for 
comparison. During the measurement, the 
heterodyne signals are synchronously sampled 
ten times, each time 60 data points are read for 
each waveform, then the averaged amplitude 
and phase are determined. 
 
 
 

(a)

(a)

(b)

(b)
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Table-1  Measurement results 

θ(deg) Δ (deg) Ψ(deg) Thickness 
(nm) 

70 -75.29 39.46 185.74 

60 -114.29 32.36 190.77 

50 -143.67 34.23 186.49 

70α -79.85 38.88 187.99 
αCalibration by the supplier 

 
5 CONCLUSIONS  
 
We present a heterodyne interferometer for 
determining the SOP change of light wave. The 
interferometer outputs benefit from common 
path design with respect to P and S waves so 
that the environmental disturbances induced 
phase variation can be minimized. This is 
checked by long term stability test. The 
amplitudes and phases of two heterodyne 
signals are calculated by using ML estimation 
so that real time measurement can be achieved. 
Meanwhile, expansive and relatively slower 
response instrument such as lock-in amplifier 
for amplitude and phase detection is not 
required. The heterodyne interferometer is 
implemented for measuring the ellipsometric 
angles, these angles is able to determine the 
thickness of thin film under ambient-thin film-
substrate model. However, this interferometer 
can also be implemented for multiple angle 
incident condition so that other physical 
parameters or multiple layers thin film can be 
under investigation. 
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