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ABSTRACT
Binary signaling is facing on-chip interconnection
and functional density limitations. Beyond binary
digital systems is one possible solution to such
problems. Non-Binary circuits are currently used
side-by-side with binary circuits in the realization
of general and special purpose processors. A major
challenge facing MVL is the enormous size of the
functional search space. The fundamental Direct
Cover (DC) algorithm for synthesis of MVL
functions iteratively selects the next minterm to be
covered and the appropriate implicant to cover it
using a set of heuristically adopted criteria. Two
evolutionary techniques have been used for
synthesis of MVL functions. These are the Genetic
algorithms (GAs) and Ant Colony Optimization
(ACO). In this paper, we explain and compare these
two evolutionary-based techniques. The algorithms
used are simulated and tested using a benchmark
consisting of 50000 randomly generated 2-variable
4-valued functions and a benchmark consisting of
50000 2-variable 5-valued randomly generated
functions. The simulation results obtained showed
that the average number of product terms (PTs)
needed in the synthesis of a given MVL function
using evolutionary techniques outperforms those
obtained using conventional DC heuristics. Among
the two techniques it is shown that the technique
based on the ACO achieves the best results.
KEYWORDS
MVL functional synthesis, Direct-Cover algorithms
(DC), Ant Colony Optimization (ACO), Genetic
algorithms (GAs), non-binary digital signal
processing (DSP).

1. INTRODUCTION
As the complexity of integrated circuits (ICs)
increases, circuit implementations using binary

logic show certain limitations, such as large
layout area for on-chip interconnections and
increased
power
consumption.
Signal
processing using multiple-valued logic (MVL)
is carried out using more than two discrete logic
levels. Recent advances in Very Large Scale
Integration (VLSI) technology made it possible
to fabricate more efficient MVL circuits using
binary CMOS (Complementary Metal Oxide
Semiconductor) circuits as well as nano-scale
technologies [10][13][16][19] [47-48][53-54].
There have been successful hardware
realizations of MVL circuits over the last three
decades. These include a 200 MHz 54×54
Pipelined multiplier using 1.5 V-Supply
Multiple-Valued MOS Current-Mode Circuit
design using 0.8 m achieving about 1.4 times
faster than its corresponding binary multiplier
[55], fundamental arithmetic operations such as
addition, subtraction and multiplication using
4-valued current-mode VLSI technology
[56][64], four-state Intel ROM chip achieving
nearly 50% area reduction over its binary
equivalent [46], a rule-based programmable 4valued matching VLSI processor for high speed
pattern matching, an associative 4-valued VLSI
processor for database systems, and an RNS
MVL image VLSI processor, an encryption
Radix-4 VLSI processor, and robotic and
machine learning [57][58].
The MVL functional synthesis problem is
however more complex when compared with
its binary counterpart. There are r(r^n) = 4(4^2)
=416 2-variable 4-valued functions. The search
space for finding optimal MVL function
synthesis is enormous. Exact minimization of
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MVL functions is prohibitively expensive. A
number of heuristics for near minimal synthesis
of MVL functions have been introduced
[33][41][61][63]. These algorithms can be
classified into five categories: iterative based
[31],
decomposition-based
[1][4][5][11][27][40], decision diagram-based
[21][23[29][30][34][42],
algebraic-based
[12][18][28][32], and direct cover-based
[7][9][14]. In addition, there has been several
attempts to synthesize MVL functions using
evolutionary algorithms, such as Genetic
algorithms (GAs) [44][45][46][49], Ant Colony
(ACO) [50][51], and Simulated Annealing (SA)
[59][60]. Fuzzy-based synthesis of MVL
functions has also been reported in the literature
[62]
Definition 1: An n -variable r -valued
function f (X ) is defined as f : R n  R , where
R  0,1,, r  1 is a set of r logic values with
r  2 and X  x1 , x2 ,, xn  is a set of r valued n variables. □

Fig. 1 shows an example of a 2-varaible 4valued function. In this figure 10X103X23,
20X101X21 and 30X102X22 are examples for
minterms while 20X111X21and 20X111X22
are examples for implicants.
Table 1: Sample MVL operators.
Operator

Literal

The logic equation
a

(r  1)
xb  
0

where a, b  R and

if (a  x  b)
otherwise

ab

Tsum

a i  a j

if a  a  r  1
i
j

r  1

otherwise

tsum( a , a )  a  a  
i j
i
j

ai  R and
MAX
MIN

 represents the truncated sum.

x
MAX ( x1 , x2 )   1
 x2
x
MIN ( x1 , x2 )   1
 x2

if

x1  x2

otherwise

if

x1  x2

otherwise

Table 1 shows a number of MVL logic
operators.
Definition
2:
A
product
term
(PT), P( x1 , x2 ,..., xn ) , is defined as the
minimum of a set of window literals such that
a1 ,b1 a2 ,b2

an ,bn

a1 ,b1 a2 ,b2

an ,bn

P( x1 , x2 ,..., xn )  c  x1 , x2 ,..., xn  min( c, x1 , x2 ,..., xn )
where ai ,biR, ai ≤ bi and c {1,2,…, r-1} is
called the value of the PT. □
Definition 3: An assignment of values to
variables such that x1  a1 , x2  a2  ..., xn  an ,
where ai {0, 1, …, r-1}, in an MVL
function f ( x1 , x2 ,..., xn ) is called a minterm, iff:
f ( x1 , x2 ,..., xn ) ≠ 0. □
A minterm is a special case of a PT for
which a1  b1 , a2  b2  ..., an  bn . If the value
of a minterm is r, then it is considered as don’t
care and is represented as d.
Definition
4:
An
implicant
of
a
function f ( x1 , x2 ,..., xn ) , is a PT, I ( x1 , x2 ,..., xn ) ,
such that f ( x1 , x2 ,..., xn ) ≥ I ( x1 , x2 ,..., xn ) for
all assignments of xi’s.
□

Fig. 1: A Tabular Representation of f(X1, X2).

2. THE DIRECT COVER ALGORITHM
The Direct Cover (DC) techniques for
synthesis of MVL functions consist of the
following main steps:
1. Choose a minterm (see Definition 3),
2. Identify a suitable implicant (see Definition
4) that covers the chosen minterm,
3. Obtain a reduced function by removing the
identified implicant, and
4. Repeat steps 1 to 3 until no more minterms
remain uncovered.
The selection of appropriate minterms and the
implicants covering them play an important role
in obtaining less number of product terms to
cover a given function. The Direct Cover
approaches reported in the literature differ in
the way appropriate minterms are chosen. They
also differ in the way appropriate implicants are
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identified. Different metrics to select minterms
have been proposed in the literature. These are
explained in the following subsections.
2.1. Minterm Selection
Table 2 summarizes the techniques used
example for each.
Table 2: Minterm selection criteria.
Technique

The measure

Example

IW [3]

w( ,  )  2[ n( r 1)D( , )].

See Fig. 2.

D(α,
where
 | im  j m |

β)

=

1 m  n

IW (  ) 

Trans( )  w( ,  ).

 Trans

CF [10]

CF ( )  DEA * (r  1)  EA

See Fig. 3.

CFN [8]

CFN  EDCα*(r  1 )  CMCα

See Fig. 3.

x2

x1

x1

0
0
1
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1

2

1
0
2
D
2
1
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0
1
0

0 19
1 32
2 31

8
20
(b)

Fig. 2: Example IW calculation.
x2

x1 0 1 2 3
0
1
2
3

0
3
1
0

Minterms
11X111X21
12X121X21
10X102X22
11X112X22
Minterms

0
1
1
0

to which a function is simplified if a specific
implicant is chosen [10]. A “Break” is said to
take place in a function if two adjacent
minterms have different values. The number of
breaks in the function is called the “Break
Count (BC)”. The removal of an implicant from
a given function (during the coverage process)
may result in a change in the number of BCs. A
change in the number of BCs is called “Relative
Break Count (RBC)”. A RBC is positive if the
removal of an implicant introduces breaks in
the function. It is negative if the removal of an
implicant eliminates some breaks from the
function. The fewer the number of breaks in a
given MVL function the less number of
implicants needed to cover the function. The
larger the number of breaks in a given MVL
function the larger the number of implicants
needed to cover the function.

0
1
0
0

0
3
0
0

DEA

2
1
2
2
ED
C

DEA*(r-1)

6
3
6
6
EDC*(r-1)

EA

CF

5
3
3
3
CMC
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6
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9
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2
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3
33X131X21
Fig. 3: Example computation of CFs and CFNs.

2.2.
Implicant Selection
Relative Break Count (RBC): The Relative
Break Count (RBC) is a measure of the degree

Neighborhood Relative Count (NRC): The
Neighborhood
Relative
Count
(NRC)
measures the degree of the strength to which a
given implicant couples with its neighbors [8].
The removal of an implicant is equivalent to
breaking the coupling between that implicant
and its neighbors. Candidate implicant for
removal should have the smallest coupling
strength with its neighbors, i.e. the lowest
NRC. In case of a tie, the implicant which
covers the largest number of minterms is
selected. The NRC evaluates implicants in
order of their sizes.
Largest Number of Minterms Reduced to
Zero (LRZ): The LRZ is a metric that counts
the number of zeros or don’t cares an implicant
can produce if it is selected for removal from a
given function [3][15]. A don’t care will be
produced if c of the removed minterm is equal
to r-1; otherwise, 0 will be produced.
The quality of solution provided by DC
algorithms is determined by the way they select
minterm and implicants covering it.
Unfortunately, there is no general agreement on
which criteria is the best for a given MVL
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function. An attempt has been made in [24] to
analyze the different criteria used by combining
different selected criteria and compare the
results obtained in terms of the number of
implicants needed to cover a given MVL given
function.
3. GENETIC ALGORITHMS

Genetic Algorithms (GAs) are powerful,
domain-independent meta-heuristic, search
techniques. A GA emulates the natural process
of evolution to perform an efficient and
systematic search in the solution space to reach
a possible optimum [18]. Genetic Algorithms
operate on a population (set) of individuals
(solutions) encoded strings. These strings
represent points in the search space. In each
iteration, referred to as a generation, a new set
of strings that represent solutions (called
offspring) is created by crossing some of the
strings of the current generation. Occasionally,
new characteristics are injected to add diversity.
This can be done using for example mutations.
GAs combines information exchange along
with survival of the fittest among individuals to
conduct the search. Using GA, a given MVL
function is represented as a string of
chromosomes. Each chromosome consists of
several Genes, which represent a product term.
Each gene consists of five integer attributes.
The first attribute represents the value of the
constant of the corresponding product term.
The 2nd and 3rd attributes are for the window’s
boundary of product term for the first variable
X1. The 4th and 5th attributes are for the
window’s boundary for the second variable, X2.
For example, the first product term of function
F shown in Fig. 4(c) (10X100X22) is
represented by 10002. It is also shown that
function F can be represented by two different
chromosomes (see Fig. 4 (c) and Fig. 4 (d)).

3.1. Fitness Function Calculation

Two goals must be reflected in the fitness
function calculation. These are correctness and
optimality. Correctness deals with the
functionality of the representation. A correct
expression will cover all minterms and only
those minterms of the function. Optimality
deals with the quality of solution, i.e., the
minimum number of implicants required to
implement the function. We divide the fitness
function into two parts. The first part is called
Functional Fitness, Ff. The second part of the
fitness function is called Objective Fitness, Fo.
These are explained below.
Functional fitness: Functional fitness is
obtained by comparing the truth table of the
given function with that of the obtained one.
The value of the functional fitness is equal to
the number of minterm matching (hits) between
the two truth tables less the number of
mismatch between the two truth tables. This
can be formulated as follows: Ff = Nh – Nm
where Nh = Number of hits and Nm = Number
of misses.
The truth table of a given function is obtained
by scanning the tabular format of the function
row-wise and transforms it into a string of
integer. For example, the function shown in
Fig. 4will be represented by the string
"1000100010002111".
The truth table of the obtained function is
synthesized by adding the truth table of all of its
product terms. Consider, for example, the
chromosome X= "101111002310233" as the
one obtained for the function shown in Fig. 4.
The chromosome consists of three genes (three
product terms). Thus, the truth table of the
obtained function is:



Fig. 4:Two different chromosome representations.

G1 = "10111". Truth table of G1=
"0000110000000000". Truth table of obtained
function so far is "0000110000000000".
G2 = "10023". Truth table of G2=
"0000000010001000". Truth table of obtained
function will become "0000110000000000" 
"0000000010001000" = "0000110010001000".
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G3 = "10233". Truth table of G3 =
"0000000000001110". Truth table of obtained
function will become "0000110010001000" 
"0000000000001110" = "0000110010002110".
Using the functional fitness formulation shown
above, the following are obtained Nh = 13, Nm =
3 and Ff = 10.
Objective fitness: This is obtained by
calculating the number of product terms needed
in a given solution. The less the number of
product terms the better the Objective Fitness
is. There exists a number of ways to measure
the Objective Fitness. In this paper, the
following formulation is used: Fo = (100 – Np) /
100 where Np = Number of product terms
needed.
The justification for the use of the above
formulation is twofold. First, it is easy to
interpret the value of the Objective Fitness to
obtain the number of product terms. Second,
there is a benefit in calculating the overall
fitness, as explained below. Using the above
formulation, the objective fitness of
chromosome X given above is 0.97.
Overall fitness: Overall fitness
chromosome is Fitness = Ff + Fo.

of

a

Thus a chromosome with the highest functional
fitness will be considered best solution.
However, if there is more than one
chromosome that has the highest functional
fitness, then the value of objective fitness will
determine which of these to use as the best
solution.
Crossover Operator: Due to its simplicity
single point crossover is in this paper. Fig. 5
shows an example of the single point crossover
operation as used in this paper. Parents, P1 and
P2, are selected using a Roulette Wheel
procedure so that better quality solutions have
better opportunity to be picked.
P1 =

1

1

3

1

1

1

2

3

1

1

0

3

3

2

2

0

2

3

1

2

1

3

3

1

The next step is to generate a random crossover
point. Since the chromosomes consist of five
genes, there are only four crossover points
allowed. According to Fig. 5, the first child, C1,
is obtained by combining the left part (of
crossover point) of P1's gene and the right part
of P2's. Child C2 in Fig. 4 is obtained by
combining the right part (of the crossover
point) of parent P1 and the left part of parent
P2.
Mutation Operator: The mutation operator
can affect the quality of solution in two ways:
1. Adding or removing a product term:
Mutation can add a product term from a
solution by changing the value of the
constant (of the gene) from 0 to 1 and
remove a product term by changing the
value of the constant from 1 to 0.
2. Changing a product term: A specific
product term from a solution can be
changed if the mutation operator changes
the value of either position1 or position2 of
X1 (or X2).
Selection Operator: Fig. 6 shows the process
of selection operator as used in this paper.
Assume that a population contains n individuals
(solutions). Let's call an old population (the
parents) as Pop1 while the population obtained
from crossover and mutation as Pop2. The two
populations, Pop1 and Pop2 are merged into a
temporary population called Pop3. Then, Pop3
is sorted according to its fitness. The first
quarter of Pop3 is copied into new population
while the second, third and fourth quarters must
join a tournament in order to be admitted to the
remaining places in the new population. Using
this approach, the best solution will be carried
out to the new generation, while not reducing
the possibility for not-so-good solutions to
survive as well.
Sorted
Pop3

1

Pop1

P2 =

1

1

1

1

2

2

2

2

1

1

0

3

3

2

2

3

3

3

1

1

0

1

2

2

New Pop

Pop3

3

Tournament

Crossover point

Pop2
C1 =

1

1

3

1

1

1

2

3

1

1

0

3

3

2

2

3

3

3

1

1

0

1

2

2

3

C2 =

1

1

1

1

2

2

2

2

1

1

0

3

3

2

2

0

2

3

1

2

1

3

3

1

1

Fig. 6: Selection Operator.

Fig. 5: Single point crossover
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On The length of Chromosome: The length of
the chromosome is an important design
parameter in any GA-based optimization
problem. If the chromosome is too small, the
GA will unlikely find the best solution. On the
other hand, if the chromosome is too large, the
GA may waste a lot of time finding solution in
the no-solution part of the space. A
straightforward approach is to use the length of
truth table as the length of chromosome. But
this does not guarantee that the GA will find the
best solution in an effective way. In this paper,
different lengths of chromosome are tested.
These are explained below.
In this paper, the length of truth table (LTT) is
defined as the number of all possible minterms
of an MVL function. For 2-variable 4-valued
function, the LTT is equal to 16. For 3-variable
4-valued function, LTT is equal to 43 = 64. For
2-variable 4-valued function, the size of LTT
=16 can be used as the length of chromosome
since each minterm (rather than an implicant)
can be represented as a gene. However, in most
cases, the number of product terms will likely
to be less than the number of minterms. It has
been shown in [16] that the maximum number
of implicants to cover any 2-variable 4-valued
function is 12, which is 75% of LTT. Consider
the 2-varaible 4-valued function shown in Fig.
7(a). The number of non-zero minterms of this
function 7. This same function can be
expressed as F=10X100X23  10X133X23,
which contains 2 implicants only. There is no
need to use 12 or even 16 genes to represent
this function. Even if the length of chromosome
is 7, the search space for the GA to explore is
still large. Now, consider the function shown in
part (b) of Fig. 7. The value of NM is 8 and the
minimum number of implicants to represent
this function is 8. From these two examples, we
conjecture that the length of the chromosome
shouldn’t be kept static. It should depend on the
number of minterms in the given function.

Based on the above discussion, we introduce
the following rule in setting the length of the
chromosome: the chromosome length is chosen
as equal to NM if NM  LTT / NV, where
NV=Number of variable; or 0.75  NM
otherwise. Accordingly, four approaches can be
adopted in setting the length of chromosome:
1. Static (SGA-MVL) [16]: In this approach,
the length of chromosome is equal to LTT.
2. Reduced Static (RSGA-MVL) [16]: In this
approach, the length of chromosome is
equal to 0.75  LTT.
3. Variable (VGA-MVL): In this approach, the
length of chromosome is equal to NM.
4. Reduced Variable (RVGA-MVL): In this
approach, the length of chromosome is
equal to NM if NM  LTT / NV; 0.75  NM
otherwise
Experimental Results: The experiments that
have conducted and the results obtained using
the GA meta-heuristic are presented below.
Two main merits are measured. These are:
1. SR = Successful Rate (the number of
successful iterations divided by the number of
runs)
2. PT = Number of Product Terms
Unless it is mentioned explicitly, for all
experiments, the following settings are used:
1. Number of Populations = 2000
2. Maximum number of Iterations = 500
3. Maximum number of run = 10
4. Crossover Rate = 100%
5. Mutation Rate = 5-10%
For the purpose of the experiment, 200
randomly generated 2-variable 4-valued
functions are generated. The proposed
approaches were able to find solutions for those
functions. To illustrate the effectiveness of GA,
the results of some of the functions is shown in
Table 3. The table shows the value of the PT
for the first 20 functions for RSGA-MVL,
VGA-MVL and RVGA-MVL. On average, the
best solution was obtained in less than 50
iterations. Only in few cases, GA needs more
than 100 iterations to find a solution.

Fig. 7: Two examples of a 2-variable 4-valued
function.

161

For the 200 randomly generated functions, the
first three proposed approaches (SGA-MVL,
RSGA-MVL and VGA-MVL) were able to find
solutions. However, RVGA-MVL failed to find
solutions for one out of 200 functions for the
given experimental setting stated before. This is
simply because of the inadequacy of the length
of chromosome used to represent this function.
To show this, consider the MVL function
shown in Fig. 8. The value of NM for this
function is 11. Using the rules for RVGAMVL, the length of chromosome should equal
to 8. However, there is no way to find solution
having less than 10 implicants for this specific
function.
Table 3: Values of the PT.
function
0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

RSGA-MVL
8.14
7.00
8.22
7.20
6.50
5.40
5.00
7.00
7.20
8.00
7.10
6.00
8.11
6.20
6.00
8.00
6.11
8.25
8.10
6.40

VGA-MVL

Table 4: SR and PT values for all proposed approaches
Algorithm

SGAMVL

RSGAMVL

VGAMVL

RVGAMVL

SR

0.45

0.58

0.58

0.62

PT

7.24

7.18

7.18

7.13

Table 5: Comparison with other techniques
Algorithm

Number of PTs

ARM [15]

7.955

BS [3]

8.055

DM [10]

7.355

SGA-MVL [16]

7.24

RSGA-MVL [16]

7.18

VGA-MVL

7.18

RVGA-MVL

7.13

RVGA-MVL
8.43
6.43
8.40
7.00
7.17
5.00
5.00
7.00
7.13
8.25
7.44
6.00
9.50
6.00
6.10
8.14
6.25
8.50
7.86
6.10

8.00
6.60
8.00
7.00
6.83
5.30
5.00
7.00
7.60
8.10
7.00
6.00
8.29
6.00
6.10
8.00
6.38
7.86
7.86
6.00

Fig. 8: Example RVGA-MVL fail to find solution.

Table 4 shows a comparison of the average
value of SR and PT for all 200 2-variable 4valued functions using the proposed
approaches. Except for the observation made
above, the table shows that RVGA-MVL
outperforms the three other approaches. Table
5 shows the average number of implicants
required to synthesize the 200 randomly
generated 2-variable 4-valued functions for
both the proposed approach and existing
techniques. It can be seen that the proposed
algorithms outperforms other techniques.

4. ANT COLONY ALGORITHMS
The Ant Colony Optimization (ACO) algorithm
is a new meta-heuristic that has a combination
of distributed computation, autocatalysis
(positive feedback) and constructive greediness
to find an optimal solution for a number of
combinatorial optimization problems. This
algorithm tries to mimic the ant’s behavior in
the real world. Since its introduction, the ACO
algorithm has received much attention and has
been incorporated in many optimization
problems, namely network routing, traveling
salesman, quadratic assignment, and resource
allocation problems [25][26].
The ACO algorithm (see Fig. 9) has been
inspired by the experiments using a colony of
real ants. It was observed that real ants were
able to select the shortest path between their
nest and food resource, in the existence of
alternate paths between the two. The search is
made possible by an indirect communication
amongst the ants. While traveling their way,
ants deposit a chemical substance, called
pheromone, on the ground. When they arrive at
a decision point, they make a probabilistic
choice, biased by the intensity of pheromone
they smell. This behavior has an autocatalytic
effect because of the very fact that choosing a
path will increase the probability that the same
path will be chosen again by future ants. When
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they return back, the probability of choosing the
same path is higher (due to the increase in the
amount of pheromone). New pheromone will
be released on the chosen path, which makes it
more attractive for future ants. Shortly, all ants
will select the shortest path.
Algorithm ACO meta heuristic();
while (termination criterion is not satisfied)
ant generation and activity();
pheromone evaporation();
daemon actions(); //optional
end while
end Algorithm

2 0 x1  0 x 2
Fig. 9: Ant Colony Optimization Algorithm
1

1

4.1.
Solution Representation
The basic idea of using ACO in MVL synthesis
is to use the ants to find the best representation
by choosing the right minterm and implicant.
Similar to the DC (direct cover) algorithms,
first an ant will select the best minterm and then
select the best implicant for that minterm. Then,
it will reduce the MVL function table by
removing the selected implicant. This will be
performed iteratively, until all minterms in the
table is covered. However, unlike the DC
algorithms, every time an ant selects a minterm
(or an implicant) it will put some pheromone
trails on that minterm (or implicant). By doing
this, the next ant will perform selection based
on the additional pheromone information that
will hopefully drive it to the best solution.
In our proposed ACO for MVL (ACO-MVL), a
given MVL function is represented in a tabular
format. Each ant will carry a ‘bag’ in which it
stores all selected implicants. The size of the
bag itself is equal to the length of the truth table
of the function. Each implicant is represented
by a string of integer consisting five integer
attributes. The first attribute represents the
value of the constant of that corresponding
implicant. The 2nd and 3rd attributes are for the
first and second position of the first variable of
the corresponding product term. The first and
second positions of the second variable are
represented by the fourth and fifth attributes,
respectively. This is similar to the

representation used in the case of the GA (see
Section 3).
Selection of a minterm (or an implicant) is
performed using a stochastic process of
Roulette Wheel. The probability of choosing a
minterm (or implicant) depends on the
pheromone value and a heuristic value for that
minterm (or implicant). The pheromone value
is obtained from pheromone trails of previous
ants while the heuristic value is the fuzzy
weighted averaging of minterm’s (or
implicant’s) selection criteria. The selection
process is explained below.
4.2.
Minterm Selection
In selecting a minterm, the ant needs the
minterm’s pheromone value and heuristic
value. Thus, with τM representing the
pheromone value of minterm M and ηM
representing the heuristic value of minterm M,
the probability of choosing minterm M is
computed as: p   M  M



M

 M

4.3.
Implicant Selection
The procedure for implicant selection is similar
to the minterm selection above. The only
difference is that it operates on implicants.
Thus, with τL representing the pheromone value
of implicant L and ηL representing the heuristic
value of literal L (fuzzy weighted averaging of
literal’s L selection criteria), the probability of
choosing implicant L is computed as:
p

 L  L
  L  L

4.4.
Fitness Function Calculation
Similar to the GA case, the fitness function is
divided into two parts. The first part is called
Functional Fitness, Ff. The second part of the
fitness function is called Objective Fitness, Fo.
Functional fitness is obtained by comparing the
truth table of the given function with that of the
obtained one. It is equal to the number of
minterm matching (hits), Nh, between the two
truth tables less the number of mismatch, Nm,
between the two truth tables. This can be
formulated as Ff = Nh – Nm. With Np is the
number of product terms, the Objective Fitness
is formulated as Fo = (100 – Np)/100. A
chromosome with the highest functional fitness
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will be considered best solution. If there is
more than one chromosome that has the highest
functional fitness, then the value of objective
fitness will determine which of these to use as
the best solution.

the end, the best results will be returned by
ACO-MVL algorithm.
For r number of runs do
For a number of ants
daemon_action();
ant[a].L = {};
while (checkTable()){
M = selectMintermACO();
L = selectImplicantACO(M);
ant[a].L  ant[a].L + L;
}
calculate_fitness(ant[a]);
done
pheromone_update_minterm();
pheromone_update_implicant();
done

Figure 10 shows the pseudo code of ACOMVL. The algorithm used is basically similar
approach to the DC algorithm. The
daemon_action() function is a procedure that
will be performed periodically or when it is
needed, e.g., when it is required to reset the
pheromone value on all minterms (or
implicants). This is performed at the beginning
of all ant’s movement and if we found a
stagnancy in the solution obtained.

Fig. 10: Pseudo code of ACO-MVL

Consider the example shown in Fig. 11. The
function has three minterms, namely:
11X111X21, 22X121X21 and 33X131X21.
Assume these three minterms are the options
for ant to select. Assume also that the ant select
minterm 11X111X21. Then the ant should
select an implicant covering this minterm. Fig.
12 (a) shows that there are three possible
implicants covering it. The ant will then need to
select any of these implicant based on the
pheromone trails on those implicants. Suppose
that the ant select implicant 11X131X21. This
implicant will then be stored in ant’s bag. Once
an implicant is
selected, the function’s table is updated. This is
done by reducing the table with the selected
implicant. After that, the ant will check whether
all minterms are covered or not. If not, the
process of selecting minterm and implicant will
be repeated. This is shown in Fig. 11 (b) and
(c). When all minterms are covered, the ant will
stop the selection process and return the
function. The Example in Fig. 11 shows that
the ant results a functions having the following
implicants:11X131X21,
12X131X21,
and
3
3 1
1
1 X1  X2 .
The next step is to calculate the fitness of the
above result. Based on this result, the
pheromone of the selected minterms and
implicants will be updated. The next generation
of ants will then used the new updated
pheromone values to guide their selection. At

Fig. 11: Example of ACOSC-MVL

4.5. Experimental Results for ACOSC-MVL

The following are the parameters used in our
ACOSC-MVL.
1.
2.
3.
4.

Number of Populations = 20
Maximum number of Iterations = 100
Maximum number of runs = 10
Pheromone evaporation rate = 0.95
Table 6 shows the average PT (Product
Term) with respect to different number of
minterms of MVL functions used as
benchmark.
It can be seen clearly that the proposed
algorithm outperforms other techniques,
regardless the number of minterms the MVL
function has.
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The overall average PT is shown in Table 7.
This table shows that the proposed algorithm
outperforms other techniques in terms of
average PT.
Table 6: Average PT with Respect to Different Number
of Minterms of MVL Functions Used
# min.

# func.

ARM

BS

DM

ODC

16
15
14
13
12
11
10
9
8
7
6
5
4
3

500
2679
6589
10585
11230
9003
5434
2575
1038
277
75
13
1
1

7.594
8.295
8.355
8.275
8.049
7.707
7.323
6.871
6.309
5.726
5.133
4
4
3

7.562
8.307
8.405
8.352
8.098
7.757
7.366
6.879
6.322
5.751
5.147
4
4
3

7.002
7.51
7.569
7.541
7.382
7.129
6.831
6.473
6.023
5.527
4.973
4
4
3

7.086
7.481
7.516
7.491
7.33
7.086
6.787
6.436
5.978
5.484
4.96
3.923
4
3

# min.

# func.

WDC

ACOMVL

ACOSC-MVL

16
15
14
13
12
11
10
9
8
7
6
5
4
3

500
2679
6589
10585
11230
9003
5434
2575
1038
277
75
13
1
1

7.01
7.501
7.559
7.545
7.383
7.134
6.837
6.479
6.022
5.523
4.987
4
4
3

6.784
7.102
7.197
7.204
7.099
6.912
6.695
6.403
6.021
5.556
5
4.154
4
3

6.73
7.054
7.163
7.182
7.086
6.904
6.66
6.356
5.934
5.48
4.96
3.923
4
3

Table 7: Comparison with Other Techniques

functions: the Gas and ACO. We have also
compared the results obtained using these
algorithms through simulating the three
algorithms using two benchmarks: 50000 2variable 4-valued and 2-variable 5-valued
functions. The results obtained showed that the
two evolutionary techniques outperform the
conventional DCs. Among the two evolutionary
techniques the ACOSC-MVL achieved the best
results.
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